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1. INTRODUCTION

Let {u;}7.1 » ¢, and 4 be given functions in C(I), where I is some fixed finite
interval, and let do be a finite nonatomic strictly positive measure on .
For p € [1, ], we denote by E,(¢) and E,(f) the error functions in the best
Lr-approximation to ¢ and , respectively, from [u; ,...,u,} (=span{u; ,...,1,}).
For p < o, the LP-approximation is taken with respect to the measure do.
For p = oo, we shall consider the usual Tchebychefl (L®) approximation.
The main result of this paper is the following theorem.

THeoreM 1.1. Assume {uy ,..., Uy} and {4y ,..., it, , d; ¥} are Tchebycheff
(T)-systems on I, n > 1. For pc(l, o), the zeros of E$) and E () in I
strictly interlace. For p = 1, either the zeros strictly interlace, or E($) has
exactly n sign changes, and sgn(E($)1)) == sgn(E,()(1)) for ali t e ini(I).
For p = o we need assume that 1 is closed. In that case we have both strict
interlacing of the zeros and weak interlacing of the points of equioscillation.

Various cases of this general theorem have been obtained by others. We
shall shortly review some of these results. Cur aim in proving Theorem 1.1
is twofold. First, we have attempted to unify various known but disparate
results on interlacing properties of zeros of the error functions in best
Lr-approximation. Second, we wish to show that these interlacing properties
are really rather simple consequences of the Tchebycheffian properties of the
underlying system.

Theorem 1.1 may be applied in several contexts. First, let us assume that
{tty 5..., g} 18 @ T-system on [, for k = n, n - 1, n - 2. Denote by ¢, {¢).
k =mn,n -+ 1, the error function in the best LP-approximation to u;..{7}
from [ty vy ). I g, ot) = tnot) — Sy @ yut), then by the identi-
fication () = u,4(t) and Pt = t,.{t) — af 1 U, 5(1), it follows that
E(¢) == q,.,, while E () = ¢,.4.,. The conditions of Theorem .1 are
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satisfied and since, as is well known, ¢, , has exactly &k sign changes in 7,
k = n,n -4 1, we obtain

COROLLARY 1.1. The n zeros of q,,, and the n -+ 1 zeros of q,.4., strictly
interlace in I for 1 < p << oo. If I = I, then strict interlacing of the zeros and
weak interlacing of the points of equioscillation hold for p = 0.

In the special circumstance where u,(¢) = ¢*, i = 1,...,, n -} 2, the inter-
lacing of the zeros of g, .(f) and g,,;..(¢) is a classical result concerning
orthogonal polynomials on [ with respect to the measure do (see [13, p. 46]).
The interlacing of the zeros (and of the points of equioscillation) of g, .
and g4, is @ well-known fact which follows from the identity g, () = T.(¢),
k = n, n + 1, where T,(¢) is the kth Tchebycheff polynomial of the first kind.
In 1952, Atkinson [2] generalized this result by proving the strict interlacing
of the zeros of ¢, , and g;.4., for | << p < oo where, as above, u,(f} = t*1,
i =1,..,n + 2. He later extended this result (see Atkinson [3]) to the case
p = oo, where in place of the usual L=-approximation he considered the norm
defined by || flliow = max. | f(x) w(x)|, where w(x) is a continuous,
positive function. For our methods, this weight function makes no difference
in the result, since if {1 ,..., u,} is a T-system on 7, so is {y,w,..., u,w} for any
positive, continuous function w.

The study of the case p = oo was initiated by Shohat [11] in 1941. Among
other results, Shohat proved that if f{"+1(z) is of one sign, then the
points of equioscillation of the error function in the best approximation of
f(¢) by polynomials of degree n are interlaced by the points of equioscillation
of T,(¢). The condition on f(¢) implies that {1, ¢,..., t*, f(¢)} is a T-system.
Results of this type are also discussed by Paszkowski [8].

Another application of Theorem 1.1 is obtained from the following
specialization. Let {u ,..., uy}, k =, n+ 1,n+ 2, and {u; ,..., u, , 4,5} be
T-systems on /. Let A; () denote the error function in the best L#-approxi-
mation to u,,.,(t) from [uy ... u;], k =n, B+ L. I kg (2) = tpe(t) —
i b ult), then choosing () = yo(t) () = tnia(t) — by, pltnia(D),
we have Ey (¢} = h,,.,, E, ) = hyq,. The conditions of Theorem 1.1
are satisfied. Furthermore, by the above assumptions, E,(¢$) has exactly n sign
changes and E,(i/) has exactly » + 1 sign changes in /. Thus,

COROLLARY 1.2. The n zeros of h,., and the n + 1 zeros of hy,; , strictly
interlace in I for | < p < oo. If p = o0 and I = I, then strict interlacing of
the zeros and weak interlacing of the points of equioscillation hold.

If w(t) =¢1 i=1,.,n+1, and u, () = f(t), where f(¢) and
[ t1(¢) are of one sign on 7, then the above assumptions are satisfied. The
interlacing of the points of equioscillation of 4, ., and 4,4 » , in this parti-
cular case, was first proved by Shohat [11].
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A third area of application is the following. As in the previous case, we
assume that {u;,...u; is a T-system for Ak =n, n+ 1, n-+ 2 and
{8y gouey Up 5 Uppoy is also a T-system. Let o = u,., and ¢ = u,,,. Thus
E () and E () each have exactly n sign changes in £, which strictly interlace.
In Section 5 we also deduce the manner in which these zeros interlace
Rowland [10] established some of these properties in the case where p = o
uft) =174 i = 1., 1; u,4(t) = g(t), and u, o(t) = f{¢). His requirements
were that g(¢) and f () be positive, and f4*(£}/g'"(¢) be a strictly increasing
function on I. The first requirements imply, as we have noted, tha:
{1, t,..,t" 1, g} and {1, ¢,..., 1™, f} are T-systems. The third requirement
implies that {1, t,..., 1", g,j} is a T-system on I

It should be noted that the case of periodic functions often demands the
full generality of Theorem 1.1.

Some recent applications of the present results serve to establish the
interlacing of the zeros of P, , and P, ., in (0, 1), where P, , is the unigue
solution of

min{j| P,, 2P e Ty, | Prllporg = 1

'L”[O i1 L[0.17

normalized so that P, ,(0) = 1, where T, is the set of all trigonometric
polynomials of degree <(n (see [15]). An essentially similar property holds if
T, is replaced by =, , the set of algebraic polynomials of degree <(n (see {11,

The organization of this paper runs as follows. Section 2 contains some
preliminary definitions and properties. The proof of Theorem 1.1 is ¢ be
found in Sections 3 and 4. In Section 3, we prove the theorem for p € (1, =).
Section 4 presents the proof for p = 1 and p == o0. Section 5 contains
applications and extensions.

2. PRELIMINARIES

Let 7 be as above. In this section we recail some basic facts concerning
continuous T-systems on I. These facts, with perhaps minor modifications,
may all be found in Karlin and Studden [5], or in Gantmacher and Krein [4].

DeFmTioNn 2.1, The system {y,};_; of continuous functions on an interval
I is called a T-system if det(u{(t;))} ;—; # O for every choice of r; < - < ¢,
in 1. For convenience, we shall always take the sign of the determinant to be
positive.

The following concepts will prove relevant.

Dermuation 2.2.  For any fe C(I), we call ¢, € int(J) a nonnodal zero of f
provided that f vanishes at ¢, but does not change sign there. All other zerss
are called nodal.
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DermnitioN 2.3. For fe C(I), let Z(f) denote the number of zeros of f
in 7, with the convention that nonnodal zeros are counted twice. For any
real piecewise continuous function f defined on I, let S~(f) denote the
number of sign changes of f on I, counted in the standard fashion. These
numbers are not necessarily finite.

An elementary, but decisive, property of 7-systems is contained in the
following lemma.,

LemMMA 2.1. The system {u;};; is a T-system on I iff Z(u) <n—1
whenever u is a nontrivial linear combination of the u;’s.

The next lemma may be found in [5, p. 30].

LemMa 2.2. Lef {u,}7 | be a T-system on I. For any k prescribed distinct

points in int(I), k < n — 1, there exists a u(t) = Yy, auft) with nodal zeros
at these points, which vanishes nowhere else in int(I).

With the aid of Lemma 2.2 it is a simple matter to prove the following
result.
LeMMA 2.3. Let {u;}t, be a T-system on I, u; e C(I), i = 1,..., n.
(1) Assume that do is a finite nonnegative (nontrivial) measure on I and

fecd).If
[I () u) do(t) =0, i=1,.,n,

then either S—(f) = n or f = 0 on supp(do).

Q) Assume that do is a finite nonatomic strictly positive measure on I
(i.e., supp(do) = I), and f is a piecewise continuous function on I, which is not
zero a.e. there. Then

[ @ ugt)do(t) =0,  i=1...m,

implies S~(f) = n.

3. INTERLACING PROPERTIES IN THE SPACE L?, 1 <<p < o

Let {ty ..., tiyy and {uy ..., 1, , ¢, $} be T-systems on /, and assume
{u}is, ¢, e C(D). For fixed pe(l, o), let g,(t) = E($)(2) and g,(r) =
E ($)(2), where E (¢), E () are as defined in the introduction. We assume
here that do is 2 nonnegative finite measure whose support contains at least
»n -~ 2 points in 1.
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THEOREM 3.1.  The zeros of gi(t) and gxt) in I strictly interlace.
The proof of Theorem 3.1 is divided into a series of lemmas and propo-
sitions. In the first part of this section, we prove the following result.

ProrosimioN 3.1, For g(¢) and g,(t) as above,
n < S(og; + Bgy) < Zlogy + Bga) <m -+ |
Jor all real o, B, o* + B2 > 0.

Proof. We immediately obtain the inequality Z(ag; + fg) <2 —1
from Lemma 2.1 and the fact that {«, ,..., u, , ¢, ¥} is a T-system on £,
Set

hit) = [sen gD 1 g, j=12 3.0

From the orthogonality relations characterizing the unique best L*-
approximation on I from {t,};_, (see, e.g., {14, p. 64]), it follows that

[ O u(tydo(t) =0,  i=1l.n, j=1,2. (3.2)
Jr

A direct application of Lemma2.3 (1) and (3.2) yields, for v, 8 real, y* + 82 >0.

S~(yhy + 8hy) = m {3.

{22

3

or v, + 6h, = 0 on supp(do). We now show that
S(agy + Bga) = S~(yhy + Sh;)
for some v, 8 real, »® + 82 > 0. This fact follows from the relation
sgnla + 6] = sgnfsgnla] | a | +- sgalb] [ 5 {77]
holding for real a, b. Indeed,
sgnlog; + Bg»l = sgnlsgnlog] | gy [77F + sgnlBg,] ! Bg, 7]
= sgn[sgnla] | x |7 iy + sgnfB]| B 771 Ay,

Thus yh, + S8h, has at most n -+ | zeroes on [ and cannot identically vanish
on the support of do. Q.E.I,

Note the important fact that Proposition 3.1 implies that «g,() -+ Bg.{7)
has no nonnodal zeros in (0, 1).

The next proposition is a modification of a result of Gantmacher and
Krein [4] (see also Lee and Pinkus [6]).
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ProposiTioN 3.2. If ©, ¥Yel@O,1), and n < S (P + BP) <
Z(aD + BP) < n+ 1 for all real o, B, o2 + B2 > 0, then the zeros of P and
¥ in (0, 1) strictly interlace.

Let{&3i 1,6 =0 < & < =" < & < &g = 1 (k = norn-+ 1) denote
the zeros (sign changes) of @(¢) in (0, 1). Let I; = (§,4, &), i = 1,..., k + 1,
and f(¢) = Y@/ D).

The proof of Proposition 3.2 is divided into a series of lemmas.

LemMA 3.1, f(¢) is strictly monotone in each I; , i = 1,..., k + 1.

Proof. 1If f(¢)is a constant ¢ on a subinterval of I of positive length, then
Z(¥Y — ¢®) = oo, contradicting the hypothesis of the proposition. If fis not
strictly monotone on /; , then f has a relative extremum at some point x; € ;.
The function ¥(¢) — f(x;) (¢) has a nonnodal zero at x;, contradicting the
hypothesis. The lemma is proved.

LeMmMA 3.2.  f(t) has exactly one zero in each I, , i = 2,..., k.
Proof. Since f(¢) is monotone in each I;, i = 1...., k + 1, both

lim f(z) = ;- and lim f(¢) = I;+
1§~ ¢t
exist as extended real numbers for i = 1,..., k. We shall show that none of
these /;+ and [~ is finite. Taken together with Lemma 3.1, this implies
Lemma 3.2.

Let us assume that either /,— or L+ is finite. Since @(£,) = 0, it follows that
P(£) = 0. We are concerned with one of the following four cases:

(i) Exactly one of /;* and /;~ is finite;
(ii) /;* and I;~ are finite and unequal;
(iii) I;* = I;~ (finite) and f is monotone in a neighborhood of &, ;

(iv) I+ = [~ (finite) and fis monotone in opposite senses for ¢ € I; and
tel,.

If either of cases (i) or (ii) occurs, let ¢ be any real number between /;+ and
1, while if case (iii) holds, let ¢ = /;* = /,~. Then ¥(t) — ¢®(¢) has a non-
nodal zero at £; since P(¢,) = P(£) = 0, and D(r) changes sign at &; . This
is impossible.

Assume case (iv). Let ¢ = /;+ = ;- and assume, without loss of generality,
that f(z) < ¢ for ¢ in a neighborhood of §;. Now, ¥(¢) — c®(z) has at least
n sign changes in (0, 1), one of which is at &;. Thus Y(z) — c®(r) + «@(z)
has, for ¢ > 0 sufficiently small, at least » — 1 sign changes bounded away
from &, . Since f(t) is strictly monotone in I; and I,,; , P(t) — (¢ — €) D(t)
has a zero slightly to the left of £, a zero slightly to the right of £, and



INTERLACING OF ERROR FUNCTIONS

vanishes at &;. Thus P(r) — (¢ — €) @(¢) has at least n + 2 zercs in (G, 1},
a contradiction proving the lemma.

Since @(¢) and ¥(r) are interchangeable in the above analysis, Proposition
3.2, for n = 2, follows from Lemmas 3.1 and 3.2. For the cases » = (¢ and
n == 1, the following additional lemma is needed.

Lemma 3.3, D(¢) and () have no common zero in (0, 1).

Proof. Assume O(¢) = W(£) = 0. Let () = ¥(0)/P() and g(t) =
D(2)/¥(¢). Both f(¢) and g(¢) are, by Lemma 3.1, strictly monotone in some
neighborhood to the left and in some neighborhocd to the right of £.
Furthermore, their limits, as r — £ from above and below, exist and are
infinite by the proof of Lemma 3.2. A contradiction immediately ensues,
and the lemma is proved.

The proof of Proposition 3.2 is compilete.

Proof of Theorem 3.1. 1If [ is an open interval, then Theorem 3.1 is 2
consequence of Propositions 3.1 and 3.2.

Assume I = [0, 1) and g(0) = 0. Since n > 1, let £ € (0, 1) be such that
g:{¢) = 0 and g,(¢) = 0 for all (0, £). From Lemma 3.3, g,(§) = 0. We
must prove that g,(0) = 0 and g,(¢) has a zero in {0, £). Assume g,(#) has ne
zero in [0, £1. This immediately contradicis the monotonicity of g.(£)/g.{#)
in (0, &) (see Lemma 3.1). Now assume g,(0) = 0, and by interchanging g,(:}
and gt} if necessary, assume g,(t) #= 0 in (0, £]. Assume also that
2t gs(t) > 0 for 1e(0,§). Then lim, . g(8)/g{t) = oo and lim, .-
gf)/e(t) 2 = ¢ = 0, ¢ finite. go(r) — cg,(?) has n sign changes in (0, 1) and
thus, for a sufficiently small € > 0, g,(f) — (¢ + <) g,(¢) has n sign changes in
{0, 1) bounded away from ¢ = 0, a zero near ¢ = 0, and a zero at { = §
Therefore g,(t) — {¢ + €) g,{r) has at least # 4+ 2 zeros in 7 =10,1), a
contradiction.

This same analysis applies when I = (0, 1] and / = [0, 1].

4, INTERLACING PROPERTIES IN THE SPACES L! AnD L=

As previously, let {u;,..., u,} and {u;,..., 4, , &, J} be T-systems on 7,
and assume i ,..., 4, , ¢, b€ C(I). Let g, = Ey(¢) and g, = E(¢), where
£,(¢) and E,(x) are as defined in the introduction. In this section we assume
that do is a finite nonatomic strictly positive measure on 7. We first provs
the foilowing result.

TEEOREM 4.1. The zeros of gi(t) and g)(t) on I strictly interlace unless
S~{g) = S(go) = n, in which case sgn g,(t) = sgn g,(¢) for all t € int{]).
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Forj =1, 2, set h;(t) = sgn g;(¢) for ¢  int(]), and let A;(¢) be continuous
at the endpoints. Since {uy ,..., u,} and {4, ,..., 4, , ¢, Y} are T-systems on I,
g(t) and gy(r) are uniquely defined and Z(g) <n+1, j=1,2. Thus
[ht)l =1 ae. on I, j=1,2, and the orthogonality conditions (see
[14, p. 38])

[ @ uydoy =0, i=lum j=12, .1
I
are satisfied.

LeEmMMA 4.1. For y(t) and hy(t) as above, n < S~(h) <n—+1,j=12,

and n < S~(hy + hy), unless hy(t) + hy(t) =0 on I

Proof. This is an immediate consequence of the Tchebycheff property of
{uy ,ue, Uy , ¢, ¥} and of Lemma 2.3(2).

Replacing A,(¢) by —h,(t) if necessary, and letting I = [0, 1] for definiteness,
we may assume the existence of {£3F, and {9, n <k,m <n-1,
with

50:0<§1<"'<§k<§k+1:17
Mo = 0 < < <M < Nupp = L,

such that

) = (=1, & <t<&m, =01,k

) 4.2)
ho(t) = (—1Y), N <t <M i=20,1,..,m
LemMma 4.2, For hy(t) and hy(t) as above, S—(h, 4+ hy) << min{k, m}, and if
k=mthenS(hy—h) <k—1=m—1.

Proof. The result is known, but, for completeness, we include a proof.
With no loss of generality, assume k& < m. From the definition of 4,(z),

(hl(t) :‘: ]12(t))(—l)l > 07 fl <t < §i+1 s i = 0, 1,..., k.

Thus S—(h, + A,) < k = minfk, m}.

Assume k =m and & <. Since () —h(t) =0 on [0, &),
S,y — hy) = S 1( — hy). However, hy(z) has k — 1 sign changes on
(¢, , 1). Applying the previous result, the lemma follows.

LemMa 4.3. IFfS(g) = S5(g) =n, thené;, =u,,i = 1,..,n

Proof. Since S—(h;) = S(g), j=1,2, then S~(hy — h) <n—1 by
Lemma 4.2. From Lemma 4.1 it follows that A,(¢) = h(¢) for almost all
tef0,1]. Thus §; = »;, i = 1,..,n.
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Lemma 4.3 is a restatement of the well-known fact that if {u, ..., #,} is a
T-system on (0, 1), then there exists a unique set of n points {{;}}, §, =
0 < < <, <lyy =1, suchthat

n S+

3 (—1)fj ult)do(t) =0, i=1..n

j=1 5

To prove Theorem 4.1, it remains to consider the case where at least one of

S~(hy). S~(hy) is n + 1. Note that if S-(h;) = S(g;} =n+ 1,j = 1, 2, ther
we cannot have h,(t) = hy(t) for almost all 7 & I. This is a consequence of the
fact that there exists a unique (up to a multiplicative constant} nontriviai
linear combination of {u, ,..., #, , ¢, i} which changes sign at » + 1 given
points in /, and it cannot be of both forms

) = $0) — Y am,  and  g() = ) — 3. b0,

=1 i=1

LemMa 4.4, Let hy(t) and hy(t) be as in (4.2). Then for eachi = 1,..,k — 1.
there exists an n; € (€;, €:.4)-

Proof. Assume that this is not the case. Replace /() by —4), i
necessary, in order that h(t) — hy(t) = 0 for te(§;, £,q). If i = 1, then
In(t} — hy(1) has no sign change in (0, &), while Sz (7 — A} <k — 3 by
Lemma 4.2. Thus S (A — hs) <k — 2 << n — 1, contradicting Lemma
4.1. The analogous result holds fori = k — 1. Assume | <7 < k — 1. Then
f(t)y — hfr) has no sign change on (£, ;, £;.5), while So,e, oy - 13} <
i—2. and Sg o — hy) <k —i-— 2. Therefore, S 1(h — ) <
(i—2y~(k—i—2)+2=4k—2 < n— 1. acontradiction. The lemma
is proven.

Proof of Theorem 4.1. If S~(g) = S(g,) = n, the resuli follows from
Lemma 4.3. Assume this is not the case. Then Lemma 4.4 immediately
implies that the zeros of g;(¢) and g,(¢) in (0, 1) strictly interlace. If I == [0, 1),
and g,(0) = 0, then S—(g,) = n, since g,(¢) has at most n + 1 zeros on J,
and thus S~(g,) = n + 1. The strict interlacing on 7 now follows. The same
reasoning applies if 7 = [0, 1] or I == (0, 1], and the theorem is proven.

A scrutiny of the proof of Theorem 4.1 reveals that the Tchebycheffian
property of {u; ..., u, , ¢, Y} has not been used except to establish a bound
on the number of sign changes of Ey(¢) and E{¢). Hence the same proof
establishes the following.

THEOREM 4.2. Let {u;}jq be a T-system on I, continuous or I, and let ¢
and s be linearly independent contimious functions on I such that E{$) and
E\() vanish on sets of measure O and change sign at no more than n - 1 points
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in I. Then either the two sequences of points of sign change strictly interlace, or
sgn Ey()(#) = sgn E,(P)(¢) for all ¢ € int(I).

The results for p = oo parallel those obtained for p € [1, ). Note that
in this case we assume, in order that the best approximation be unique, that
1 is closed. For the sake of ismplicity we set I = [0, 1].

Let g4(r) and g.(¢) denote the error functions in the best L® (Tchebycheff)
approximation to ¢(¢) and i(z), respectively, from [u, ,..., #,]. Thus g,(¢) =
$(1) — Yi-a afui(t), where

2

and g.(¢) is analogously defined. As previously, we assume that {u, ,..., u,}
and {uy ,..., 4, , &, ¥} are both T-systems on 1.

Remark 4.1. As noted in the introduction, one often considers L=
(Tchebycheff) approximation with a weight function w(¢), where w(¢) is a
positive, continuous function on 1. Thus, || fll e = max., | f(#)| w(t). If
{ty 5., Uy} 18 2 T-system, then {uyw,..., u,w} is a T-system, and all our results
maintain their validity.

The method of proof in the case p = oo involves no more than a careful
zero counting procedure (cf. [5, Chap. 2]). The following definition facilitates
our exposition.

DerNiTION 4.1, Let fe C(I). We say that f(¢) equioscillates at & points
(or k — 1 times) if there exist k£ points, 0 << #, < - < t, << 1 such that
f@) =(-Delfllw, i = 1,.., k, where € is fixed, e = +1 or —1. If
e = (—1)*, then we shall say that f(¢) equioscillates at k& points with a positive
orientation. Otherwise the orientation is negative.

From the definition of g,(z) and gu(¢), it follows that each has n or n 4 1
zeros in I, and n -+ 1 or n + 2 points of equioscillation in I. We further
note that for each g,(¢), { = 1, 2, the zeros and points of equioscillation
strictly interlace, by a simple parity argument. We also show

THEOREM 4.3. Under the above assumptions,

(1) the zeros of g,(t) and g,(t) strictly interlace;
(2) the points of equioscillation of g,(t) and gu(t) weakly interlace.

Remark 4.2. If {uy ..., u,, ¢, } is an extended Tchebycheff system of
order 2 (see Karlin and Studden [5, Chap. 2]), then it may be shown that the
points of equioscillation of g,(¢) and g,(¢) in (0, 1) strictly interlace.

The proof of Theorem 4.3 relies upon the following proposition which is
stated without proof. The proof, in a more or less complete form, may be
found in [5] and [9].
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ProposiTioN 4.1, Let f, , f, € C(), and assume that f{(t) and fit) equi-
oscillate at k and ! points, respectively.

D FliAle =1 falle, then
Zh ) =k— 1.

(2) If f(t) and fAt) equioscillate with the same orientation, | = k, and
“,fi Heo = I[f" Hco > then

Z(f —f) = k.

Proof of Theorem 4.3. Let 0 <¢t; < - <fp, <1 and 0 <5y << - - <
§; < 1 denote the points of equioscillation of g;(¢) and g,(1), respectively.
Thus #n— 1 <k, I <<n-+2 Let us first note that ki =/=n-+2 is
impossible. Assume not. From Proposition 4.1(2) it follows thas
Z(g, — €agy) = n 2, where o = [/ g, llofll €21l » and € = -1 is chosen so
that g, and exg, have the same orientation. As g, — €xg, € {15y ..., Uy, , b, ¥,
we have Z{g; — eagy) << n + 1, a contradiction.

Let {£}%} denote the zeros (sign changes) of g,() which strictly interlace
the {r})i;,1e,0 <t <& <t < <ty < Fox <t < LI gy(f) has
a zero to the left of 1, , we denote it by &, , and if 1t has a zero to the right of
1y, it is denoted by &, . Similarly, let {,}.3 denote the / — [ zeros of g,{z)
in (81, s;) which must strictly interlace the {s;}} , and let o, and 7, denote the
possible additional zeros of g,(z), if they exist.

We first prove the strict interlacing of the zeros of g,(¢) and g4(r). Note that
weak interlacing of the zeros is a result of the proven interlacing in L2 for all
1 < p < . We need, however, a strict interlacing for which we provide
a direct proof.

Let us first assume thatk = n — 1l and / = »n -+ 2. We wish to show that
M < & <y < v <0 €, << muyy and that if & or £, exists, then &, < 7,
or £,.4 > Mnuy , respectively. Note that n 4 1 is a bound on the gumber of
zeros of gft), i = 1, 2. Assume that there exists a j={l,..., #} such that
(n;, ;- contains no &; . Thus §; << m; < ;. < & Torsomel =0,1,...,»
<“’7here gﬂ - 0’ gn—#l = 1) Since < gl s b = gl—rl ) 8, < i and Siva =
N4 » it follows that Zp, (g, = agy) = max{;j — 1,/ — D andifj =/, then
thereexistsane = 41, foed, for which Zy, , (g, — eags) = j = I. Similarly,
Zn, 18 = 0g) = max{n —j,n — 1 — i}, and if j =7+ 1, then there
exists an € == 41, fixed, for which Z(nj+1‘1](g1 —ecagy = —l=n—j+ L
Furthermore, for a suitable choice of e = 1., Z, , |
Now it is easily seen that the choice of « in all the cases is the same. Hence
Zio.11( g1 — eoge) == n + 2, a contradiction. Thus, 7, < § <mp < -+ <
£u < Mpup . Assume & exists. If £, =, , then n, < & < & < 9, and one
may obtain, by an appropriate choice of ¢ = -1, that Zp, ; y{ g, — eagsj = 3.

¢ o) o
NG — £x8y) = £
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Since & < ty, & <y <83, and k=n-+ 1, I = n -+ 2, it follows that
Z, (8 — €agy) = n — 1. Thus Zjy 11(g; — engs) > n + 2, a contradiction,
and &, < %, . In a totally symmetric manner, £, > 9,4 if £, exists.

It remains to consider the case k = / = n - 1. We first prove that 5, % &,.
Assume the contrary. Since t;, 5, < 17y, = & < Iy, 85, it follows that, with
the proper choice of ¢, Zpy ¢ (g1 — €age) = 2 and Ze ;1(81 — €oga) = n.
A contradiction ensues. Thus 5, # &, , and we may assume, without loss of
generality, that n; < &, .

It is now necessary to consider two conceivable situations. First, we assume
that 7, < & <mp < <7y < & < €41 < Myuy for some j. Since s;,
t; < & < €41 < tize, Si4a, We obtain, by the correct choice of e,
Z[o,sj)(g1 — €agy) = J, Z[s,-,ej+1](g1 — €agy) = 2, and Z(§j+1,1](g1 — ecagy) =
n — j, a contradiction. Now let us assume that 7, << & < 9, < -+ < 54 <
&1 <15 < i < & . Choosing e so that g;(7) and eagy(?) agree in sign
on (1;,n;41), We see that Zg, ., (& — eagy) > 2, and since s; << 75,
Zig,n (&1 — eagy) > j— 1, while #;,; > £ implies Z(f,..l](gl — eagy) =
n — j. However, this does not provide a contradiction. The contradiction is
obtained by noting that an additional zero of g,(z) — exgy(¢) must occur in
(771' » t]‘+1]-

That &, 19, Enix OF Mny, if they exist, exhibit the correct interlacing
properties follows in a similar manner. The proof of part (1) is complete.

It now remains to prove the weak interlacing of the points of equioscillation
of g,(r) and g,(¢). The proof of this fact is similar to the proof of part (1).
Hence we only consider the case k =n -1,/ =n -+ 2.

We wish to prove s; < £; < §;4, for i = 1,..., n + 1. Assume 5; > ¢, for
some j = 1,..., n + 1. From Proposition 4.1, Zy,,, 1(g; & ags) > j — 1, and
Zis,11(8 & agy) =>n + 2 —j. Furthermore, for some e = +1, fixed,
Z[tj,sj]( g1 — exgs) == 1. A contradiction ensues if we have not, at ¢; or s;,
counted a zero twice. In this case an additional argument is necessary.
We leave the details to the reader. Thus s; < ¢, fori = 1,..., n + 1. The proof
of t; < spy, i =1,..,n+ 1, is totally symmetric. Thus s; < #; < 5,44,
i=1,.,n+ 1

5. ADDITIONS AND APPLICATIONS

In this section we consider two general questions which lie within the
framework of the problem considered in the preceding sections. The first
question involves a direct application of the previous results, while the
second requires additional analysis. Moreover, in both cases, we are able to
deduce not only the interlacing of the zeros, but also the explicit manner in
which they interlace.
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I. As previously, let {uy ,..., #,} and {u; ,..., u, , ¢, &} be T-systems on [
and consider the best L?-approximation to ¢ and ¢ from [u ,..., u,]. Set
2:(t) = E($)() and g(t) = E,(4)(t), and let us also assume here that
{uy ooy Uy , ) and {1 ,..., U, , P} are T-systems on I. It now follows from the
theorems of the previous sections that gy(r) and g,(f) each has exactly n zeros
in I which strictly interlace, except when p = 1, in which case g,(¢) and gx(#}
have exactly the same zeros in I (If p = oo, we assume [ = I.) We shall
prove the following result.

TueoreM 5.1.  Under the above assumptions and if 1 < p < oo, the zercs

of g.t) lie to the right of the zeros of g,(t). This result is also valid for p =
if I =1.

Proof. Let {£7., and {n;}i; denote the zeros of g,(f) and g,(¢), respec-
tively. Theorems 3.1 and 4.3 imply that either

§L<m <& < < <M, (5.1)
or

7}1<§1<7]2<‘”<7}n<§n= (

()

2

We wish to prove that (5.1) obtains.

Let g,(¢) be as above, and let A(t) = ) — @, d(t) — i aulr) denote
the error function in the best LP-approximation to (z) from {i; ,..., #, , ¢l
Thus A(t) has n - 1 zeros and as may be deduced from our previous results,
the n zeros of g,(¢) must strictly interlace the n -+ 1 zeros of A(t). Observe
that A(z) is also the error function in the best L¥-approximation of
B(t) — Apa P(t) from [uy ..., u,]. Let &(¢; @) denote the error function in the
best Lr-approximation of () — a¢(t) from [, ,..., 1,]. Thus &(¢; g,y = #()
and A(z; 0) = g,(t). Now A(t; a) is a continuous function of a (since the best
approximation is unique), and the zeros of 4(7; @) and g{t) sirictly interiacz
for any a. Thus, as a goes from a,,, to 0, one of the n — 1 zeros of A(¢) is lost.
Moreover, it is easily seen that it must be lost at an endpoint {(since all zeros
of h(z; a) are simple). Since both A(#) and g.(¢) are positive to the right of
their largest zero, it follows that the zero is lost at the left endpoint. Hence
(5.1) must hold.

Remark 5.1. If p = oo and f = I, then the points of equioscillation of g,
lie weakly to the right of those of g, .

II. The problem we shall now consider is rather different in character
and is derived from a problem of Lorentz [7], which was solved for all L7,
1 < p < oo, by the first author, and subsequently solved in a more elegant
and simple form by Smith {12]. The problem is as follows.

Let {u;};.; be a Descartes system on [0, 1], ie., {#; ..., u, ) is a T-system
onf0,1jforall 1 < < <ip <mandall k =1,., m Given n, find
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the n optimal functions U sees Uy, 1 <8 <o+ < i, <m, which best
approximate u,, in L?. More explicitly we are interested in f, ,..., i,, solving

n
min mm ” Uy — Y. arlly, (5.3)
k=1 14

Iy <<, <m @y,-..,

The following result may be proved.

THEOREM 5.2. Under the above assumptions, the minimum in (5.3) is
attained for {iy , iy yuey Iny ={m —n,m —n 4+ 1,...,m — 1},

The proof of this theorem is sufficiently simple and elegant to be reproduced
here.

Proof (Smith [12]). Let {i;}x_, and {ji}r_; be any two ordered sets of n
integers from {l,..., m — 1}, such that i, < j,, kK = 1,..., n. Assume further
that the two sequences have exactly n — 1 common integers. Let v(f) =
U(t) — Y pn akul-k(t) denote the error function in the best L?-approximation
to u,, from [uz-1 seees U ] By the Tchebycheffian properties » has n zeros and
a{—1)*" >0, k = 1,...,n. Let us construct the unique ‘“polynomial”
(1) = (1) — Tros b,”uJ (t) which has the same » zeros as u(f). Thus
bi(—1** > 0,k = 1...., n. Let {hk}ﬁ% = {ii}k-1 U{Jk}L 1,1 < By =
Mpiq << m. Since () — Z5(’) = —Ya apt; (1) + S ba (1) = S hia catty (f)
v(f) — @(¢) has at most »n zeros. Thus o(¢), #(z), and v(t) — #i(t) all have “the
same 7 zeros which are all necessarily sign changes, whence | v(z)| = | @(¢)|
or | @(t)] = | v(t)| for all ¢ € [0, 1] (with equality only at these same # points).
Let r be the largest integer p with 7, € {i,}7 N {Jz}1. By assumption it follows
that 4, e{j}i1. Thus ¢,,; = b,. Since b(—D* > 0, it follows that
Crag(—1)* > 0, and thus ¢, (—1)"" >0, £ = 1,..,n + 1. The deter-
mination of the orientation of the signs of the coefficients implies, with the
previous results, that | v(f)| = | @(¢)| for all ¢ & [0, 1]. Hence {uik};‘:l is not
the best choice of functions. An inductive argument establishes the theorem.

Not only can we discern which # functions provide the best approximation
to u,, from {u, ,..., 4,_,}, but we can also determine the pattern of the zeros of
the error function of best approximation.

THEOREM 5.3.  Leéf {iy yor, In} QA { i 5.-.r Jut De two increasing sequences of
integers in {1,...,m — 1} such that i, < j,, k = 1,...,n. Let v(t) = u,(t) —
Sy au; (t) and w(t) = Uu(t) — Trer byu; (t) denote the error functions in
the best L?-approximation 1o u,, from [u; ..., w; 1 and[u; ..., u; ], respectively.
Let {£Y2 1 and {n;}7_1 denote the n zeros of v andw. Then &, < n;, k = 1,..,n

To prove Theorem 5.3, it suffices to prove the following proposition.
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ProposiTION 5.1, Let v, w, {£)% and {n;}} be as above. Assume that the
sequences {iy}y_, and {jYe_y have n — 1 common elements. Then

O<é<m<é < <é <<l {5.4)

Proof. The novelty of the proof of the proposition is due to the fact that
the interlacing is not an immediate application of the results of Sections 3
and 4. In fact it is simple to verify that av -+ Sw may have as many as# + 1
zeros and as few as # — 1 sign changes in [0, 1]. This difference allows for
the possibility of nonnodal zeros which would invalidate the analysis of
Section 3. Hence, we first show that a nonnodal zero cannof occur and we
shall then, with minor modifications, apply the analysis of Section 3. For
ease of exposition, we shall prove the result only for p € (1, o0}.

Recall that since v(t) = un(t) — Sroa au; (t) is the error function in the
best L?-approximation to u,(f) from [u; ,.... #; ], it follows that

1
[ 1o Ggno@) us(tydt =0, &k =1, n. (5.5)
Y0
Similarly
1
f | w()P (sgn w(@) up () dt =0, k= 1,...n. (5.6)
¢

Let us assume, for ease of exposition, that i, = j,, k = [,...,n — I, and
i, < Jn << m. Wewish to prove that av - Sw has no nonnodal zeros in (0, 1).
If « = 0 or § = 0, then the result is immediate. We thus assume o« = 1.

Let w(t) = u,(t) — s bus (t). Then

(v + Bw)(6)
— (14 B) nl0) — By (0 — @i () — 3. (Bby + a) w0, (57)

We separate the proof into two cases:

Case 1. B = —1.

Since v and w each have n zeros (sign changes) and {u,}7' is a Descartes
system, (— D" b, (—1)*" g, > 0,k = 1,..., n, i.e., the coeflicients strictly
alternate in sign. In order that (v -~ Bw)(t) have n 4 1 zeros, it is necessary
that its coefficients strictly alternate in sign. However, if 8 2> —1, then since
1 +- B = 0and —a, < 0, we cannot have strict alternation in the signs of the
coeflicients, and Z(v 4 Pw) < n. Now, if A(t) = | v(t)|*Ysgn v{t)) -+
| Bw()| ™ sgn(Bw(2)), then as was seen in Section 3, the sign pattern of {(s)
and (v + Bw)(¢) is identical. Furthermore, from (5.5) and (5.6),

1
f WD) up(tydt =0, k= 1l,n— 1. (5.8)
[

6.40(27]1-2
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Thus A(¢) has at least » — 1 sign changes. Hence n — 1 << S~(v + Bw) <
Z(v + Bw) < n, and v + Bw has no non-nodal zeros in (0, 1).

Case 2. B < —1.

Since the coefficients of (v + Bw)(¢t) may now alternate in sign, we see that
Z(v + Bw) < n 41, while S-(v + Bw) > n — 1, from the orthogonality
conditions (5.8). Thus it seems possible that a nonnodal zero may occur in
(0, 1). Let us assume that (v + Bw)(¢) has a nonnodal zero. Since the leading
coefficient of (v + Bw)(r) is negative, and (v + Bw)(r) has n + 1 zeros, it
follows that (v + Bw)(1) < 0, i.e., the orientation is determined. Construct
the unique “polynomial” z(¢) = uiﬂ(t) — ZZ;} dyu; (t) which has the same
n — 1 sign changes as (v + Bw)(z). Now z(1) > 0, by the choice of the
leading coefficient, so that

1
f h(t) z(t) dt < 0, (5.9)
1]
where A(t) is defined as above. Moreover from (5.8), and (5.5)
1 1
f () 2(t) dt = f h(t) u; (£) dt
0 0

— [ 8w sga(B(t) i () de
> 0.

(This last inequality follows from the fact that sgn§ = —1 and since
Jneq < I < Jjn < m, then

[ C ()71 (sgn w(®) e (1) de << 0.)
0

However, this contradicts (5.9). Thus (v -+ Sw)(¢) has no nonnodal zero.
Having proven the nonexistence of nonnodal zeros, we return to the proof
of the interlacing of the zeros of v and w. We follow the proof of Theorem 3.1.
The crucial ingredients there are Lemmas 3.1 and 3.2. Lemma 3.1 and
parts (i), (ii), and (iii) of Lemma 3.2 are immediate consequences of the above
proved facts. It remains to consider case (iv) of Lemma 3.2. In the terminology
of Section 3, let ¢ be a point of sign change of w(¢) such that /= = /- (finite),
and f = o(¢)/w(r) is monotone in opposite senses on each side of £ Set
¢ = [+ = [~ and assume, without loss of generality, that f(¢) < ¢ in a
neighborhood of £. Now u(f) — cw(t) has at least » — 1 sign changes in
(0, 1), one of which is at £ Thus v(z) — cw(t) + ew(s) has, for ¢ > 0 but
sufficiently small, at least # — 2 sign changes bounded away from £. Since
f(¢) is monotone, in opposite senses, on each side of & v(t) — (¢ — ) w(¥)
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has a zero slightly to the left of £, a zero slightly to the right of £, and a zerc
at £ Thus o(f) — (¢ — €) w(t) has at least n - 1 zeros in (0, 1}. This implies
that the coefficients of v(t) — (¢ — €) w(z), and hence the coefficients of
v{t) — cw(t), weakly alternate in sign (with the same sign pattern as would
prevail if o(¢) — ew(z) had n + 1 zeros). Moreover, v{t} — ew(t) has exactly
rn — | sign changes. Thus we are essentially in Case 2 and we now apply the
proof as given therein to obtain a contradiction. This proves part (iv) of
Lemma 3.2, and the remaining analysis of Theorem 3.1 holds, proving our
resuit.

We now know that the zeros of v and w strictly interlace. However, it
remains to prove (5.4), i.e., that they interlace in the given manner.

The functions o{t) and w(¢) depend on the parameter p. We shall indicate
this dependence by denoting them by v,(¢) and w{t), respectively. From the
uniqueness of best Lr-approximation it may be seen that the zeros of v, and
1w, are continuous functions of p. It thus suffices to prove the result for some
p €ll, oo]. We shall prove it for p = cc.

Each of v, and w, has n zeros and » - | points of equioscillation and
cach is positively oriented. Let oy = || g [lf]) W | - Then Z{o, — xwy) ==
n+ 1. Since Z(v, — aw,) < n + 1 for any choice of x, it follows that
Z(vg, — xgwy) =1+ 1. Now (v, — agw o M(t) = (1 — xg) u,(7) + agbpp; 1) —
anu;n(f) + ---. From the signs of the coefficients (which must alternate in sign}
we see that if {;}7/{ are the n -+ 1 ordered zeros of v, — xw,., then
(v — o O(—1) >0 for ¢; <t <ty, i=1,.,n Since t, < §,,
Mo < Fayp» it Tollows that £, < 7, ., and thus (5.4) holds for p = = and
hence for all p € [1, 0]. The proposition is proved.
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