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ON STABILITY OF THE METRIC PROJECTION OPERATOR*

ANDRAS KROO! AND ALLAN PINKUS!

Abstract. Let M be a closed linear subspace of a normed linear space X. For a given f € X
denote by Py f the set of best approximations to f from M. The operator Py is termed the metric
projection onto M. In this paper we are interested in the stability of the metric projection Pps
relative to perturbations of the subspace M. We mainly consider the case where X = LP, p € [1, c0].
We consider a measure of distance d(M, N) between subspaces M and N and estimate || Py f — Py f||
in terms of d(M, N) and ||f||. Typically such an estimate will be of order d(M, N)? with some £
which, in general, depends on the geometry of the space X.
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1. Introduction. Let X be a normed linear space and consider a subset M of
X. For a given f € X denote by Py f the set of best approximations to f from M.
Thus

PMfzz{m .m* € M, |f—m |:mlgg4||f—m||}.

Py is said to be the metric projection operator onto M. In general, Py, f is a set-
valued mapping, i.e., for each f it might be the empty set, a single value in M, or a set
in M. In this paper we always assume that Py, f is nonempty and also that Py, f is
single-valued, i.e., we have the uniqueness of the best approximation, unless otherwise
stated (cf. Corollary 2.6 and 2.7). A natural question that arises with respect to Py
is its stability. The stability of Pysf with respect to small perturbations of f, that is,
continuity properties of the metric projection, has been investigated in the literature;
see, e.g., Holmes and Kripke [7], Bjornestal [3]. In this note we are interested in a
different problem, namely: How stable is the metric projection P, relative to small
perturbations of the closed linear subspace M?

Let M and N be closed linear subspaces of X. To address the above question
we recall a measure of the distance between the subspaces M and N. There can be
different such measures. A measure that will be convenient for our purposes is

1.1 d(M,N) := inf [m — inf [|n —
(1.1) (M,N):=maxq sup inf |lm—nl, sup inf |ln—ml|
[[m|l=1 [[n||=1

This measure is symmetric in M and N, equals 0 if and only if M = N, and is a number
between 0 and 1. This measure was introduced in Krein and Krasnosel’skii [9] in the
Hilbert space setting and was later extended to Banach spaces in Krein, Krasnosel’skii,
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and Milman [10]. A somewhat similar concept was introduced in Gohberg and Markus
[5], namely,

d(M,N) :=max{ sup ing; [lm —n]|, sup nllrelfM [ln—m| »,

me n
|m)=1 lInll=1 Inj=1 lIml=1

i.e., d(M, N) is the Hausdorff distance between the unit spheres of the linear subspaces
M and N. Note that on the one hand d(M, N) < d(M, N), while on the other hand
it easily follows that
~ 2d(M,N)

(1.2) d(M,N) < T+ (M, ) < 2d(M,N).
These concepts and some of their basic properties are considered, for example, in
Gohberg and Krein [4] and Kato [8]. We will use the following properties of d(M, N)
that may be found in these references.

PROPOSITION 1.1. Let M and N be closed linear subspaces of a Banach space
X. IfdimM > dim N, then d(M,N) = 1.

Let M+ denote the annihilator of M in the dual space X*, i.e.,

MY ={f:feX* f(m)=0allmec M}.

Then from standard duality we have the following.
ProproOSITION 1.2. Let M and N be closed linear subspaces of a Banach space
X. Then

d(M,N)=d(M=* N*).

The motivation in this paper is different from those of the above-mentioned refer-
ences. Our goal is to estimate || Py f — Py f|| in terms of d(M, N) and || f||. Typically
such an estimate will be of order d(M, N)? with some 3 < 1 which in general de-
pends on the geometry of the space X. In this paper we mainly consider X = LP for
p € [1,00].

When X = H is a Hilbert space, this theory is well understood. A proof of the
fact that

| Prve — Pl = d(M, N)

may be found in Akhiezer and Glazman [1]. (This text was originally published in
Russian in 1950.) For completeness we present a short proof of this result and some
extensions.

Let X = H be a Hilbert space with inner product (-, -). Thus Py and Py are
in fact linear operators and orthogonal projections.

PRroPOSITION 1.3. In any Hilbert space we have

(1.3) | Prve — Pl = d(M, N)

for all closed linear subspaces M and N.
Proof. Recall that by (1.1) we defined d(M, N) as

d(M,N) =max { sup [[m—Pyml, sup |n— Pynl|
meM neN
[fm||=1 [[n|=1
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Consider these suprema in our Hilbert space setting. We have that

sup [[m — Pyml|| = sup |[(I - Py)m| = H?}HIP (L = Pn)Prfll = [({ — Pn) Pl
me <1
lImll=1 lImll=1 =

From symmetry considerations

sup |[n — Pynl| = [|(I = Par) P .
nenN

Inl=1
Thus
(1.4) d(M, N) = max{||(I — Px)Pul|, (I — Par) P/}
Note that from the self-adjointness of projections we also have
(1.5) (I = Px)Pull = [|Pre(I = Pr)ll, 11 = Par)Prll = [|[Pn (I = Par)l-

Since PM —PN = PM(I—PN) — (I—PM)PN and PM(I—PN) L (I—PM)PN,
it follows that

(1.6) 1P f — Py flI? = (I — Pa) Py fII? + || P (I — Pr) £
Now using the fact that P% = Py, we have from (1.4) that for any f € H

I(Z = Pan) P fI> = (T = Pa) P2 12 < II(T = Par) PPl P £
(17) < (M, N)|| Py f|

Similarly, we obtain for the second term in (1.6) using that (I — Py)? =1 — Py
1P (I = Py)fII* = |1 Par(L = Pn)* f1I* < | P = Pr) P12 — Pr) I
Applying (1.5) and (1.4) yields
(1.8) |Par(I = Pn) fII* < @*(M,N)||(I - Pn)fI*.
Finally, substituting (1.7) and (1.8) in (1.6), we obtain
1Parf = Py fII* < &*(M, N)| Py fII* + d*(M, N)I|(I — Py)f|I* = &*(M, N)|| f|I?,
which verifies that
| Prr — Pnl| < d(M,N).

It remains to show that this upper bound is sharp. By the symmetry of notation
(1.1) we can assume without loss of generality that given any ¢ > 0 for some m €
M, ||m|| = 1, we have ||m — Pym|| > d(M, N) — e. Then evidently,

|Pyym — Pym|| = ||m — Pym|| > d(M,N) —e. a

What about the exact value of d(M, N) in this Hilbert space setting? As we know
(see Proposition 1.1), if M and N are subspaces of different dimensions or different
co-dimensions, then d(M, N) = 1. We consider the case where M and N are both
finite-dimensional subspaces of the same dimension or both subspaces with the same
finite co-dimension.
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PROPOSITION 1.4. Let {m1,...,m;} and {ny,...,n,} be orthonormal bases for
M and N, respectively, withr finite. Let G denote the rxr matriz G = ((mi,n;))i j—1 -
Then

d(M,N) =[1— \]]'/2,

where X\, is the smallest s-number of the matriz G, i.e., A2 is the smallest eigenvalue

of GG*.

Proof. By definition and since {nq,...,n,} is an orthonormal basis for N
r
g, iy ol = g = s = e, Z| m,my)|
Now m = >\, a;m;, where Y., |a;|> = ||m||?>. Set a = (a1,...,a,). Then, contin-

uing the above we get

r 2

=1— min
Hallzlz

T

Z ai(mi, nj)

j=1 li=1
T T
=1- miBl Z a;(mg, n;)ag(mye, nj)
lali=1320 \i=n
T T
=1— min a;ayp Z(mi,nj) (me,nj)
lal=1 4=
J
=1- Z a;0(GG")ie =1 — mln HG*aH2

Hall—

It is well known that

Hnll‘ln [G*al|? = A2,

where A2 is the smallest eigenvalue of GG*.

Note that d(M, N) is actually the maximum of two quantities. But the above
expression is symmetric in M and N. Thus

dM,N)=[1- Y2 1O

With regards to the above result, see Golub and Van Loan [6, section 2.6], where
they consider subspaces M and N of R™ of equal dimension, define the distance
between these subspaces as || Py — Py ||, and obtain Proposition 1.4.

From Proposition 1.2 d(M,N) = d(M*+,N1). (In this case, the result follows
easily from (1.4).) Thus we also have the following.

COROLLARY 1.5. Let {my,...,m;} and {ny,...,n,.} be orthonormal systems, r
finite. Let M and N be subspaces of co-dimension r defined by

M={h:(h,m;) =0, i=1,...,r}
and

N={h:(h,n;)=0, j=1,...,7}
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Let G denote the r x r matriz G = ((m;,n;)) Then

fi=1-
d(Ma N) = [1 - /\3]1/2a

where A, is the smallest s-number of the matriz G.

In section 2 of this paper we outline a general approach to the study of stability
of the metric projection Py; based on strong uniqueness. This approach will be shown
to provide stability estimates whenever strong uniqueness of some order holds with
respect to M or N. However it does not always lead to the best possible rates of
stability. In section 3 we shall show that for LP, p > 2, somewhat more delicate
considerations based on smoothness of the norm lead to sharper estimates for the
stability of Pjs if nonzero functions of the finite-dimensional subspace M do not
vanish on sets of positive measure. We also consider the case where both M and N
are subspaces of co-dimension 1. Finally, in section 4 we state some open problems.

Stability of the metric projection is, of course, a highly desirable property. It is,
however, not always present. Consider the following simple example.

Ezample. For t € (0,1), let M; = span{(1,¢)} and N; = span{(1,—t)} be one-
dimensional subspaces of R? endowed with the uniform norm. It is readily verified
that d(My, Ny) =2t/(1+t). Let f =(0,1). Then

1t
Puf=(— —
v f <1+t’1+t)

while
1 t
P .
.S <1+t’1+t>
Thus
|Pas,f — Py, fllo = —
Mt Nt oo T 1+t;

which does not converge to 0 as ¢ tends to 0. That is, there is no stability. In this
example Py, f and Py, f tend to two different best approximations to f from the
subspace span{(1,0)}.

2. Stability of the metric projection and strong uniqueness. In this sec-
tion we outline a general approach to the study of the stability of the metric projection
based on strong uniqueness type results. Strong uniqueness of best approximations
has been extensively investigated over the past 40 years; see the recent survey Kroé
and Pinkus [12]. We start with the relevant definitions. We assume, as previously, that
M is a closed linear subspace of a normed linear space X, and Pjy is its corresponding
metric projection. Note that Pps is in general not a linear operator.

DEFINITION 2.1. The metric projection Py is said to be strongly unique of order
a >0 at M if for each f € X and every m € M we have

(2.1) T (OIIPaf =m|* < |If —ml|* = [If = PufII*

with some constant yar(f) > 0 depending only on f and M.

Remark. Tt is readily verified that we must have o > 1 and vy (f) < 1 in
the above. Indeed, in (2.1) replace m by tm, divide by t, and let ¢t — oo. This
immediately gives vp/(f) < 1. To prove that a > 1, choose f € X \ M and set
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m = Py f —tm*, t >0, for any fixed m* € M, ||m*|| = 1. Then from (2.1) and the
triangle inequality we get

Y () SN = Paaf +tm™[|* = |[f = PucfI|* < (1 = PacfI + 0 = [If = Pac f|*

By the mean value theorem, this equals
at(||f — Pafl + )"

for some s € (0,t). If « < 1, then as o — 1 < 0 we have (||f — Py f|| +s)*7t <
Ilf — Paf]|“ ! and thus

Y ()t < ot f— Pa o7

for all ¢ > 0, which is impossible.

Remark. 1t is also straightforward to verify that whenever the metric projection is
strongly unique of order a at M with constant v/ (f) in (2.1), then it is also strongly
unique of order 3 at M for all 8 > a with constant vy (f)5/*.

The simplest case is where X is a Hilbert space because then

lm = Paf1* = If = ml* = |f = Pa I

for all m € M, implying that « = 2 and vy (f) = 1.

The main result of this section is an estimate for the stability of the metric
projection under the assumption of strong uniqueness.

THEOREM 2.1. Let M be a closed linear subspace of the normed linear space
X such that the metric projection Py satisfies the strong uniqueness condition (2.1).
Then for any f € X and every other closed linear subspace N C X we have

(2.2) [Parf = Pyl < 109 ()| Flld(M, N)Y.

The proof of this theorem is more easily understood if we first prove an ancillary
result.
PROPOSITION 2.2. For f € X and closed linear subspaces M and N we have

(2.3) f = Pufll = If = Pufll| < 2 f]| d(M,N);
(2.4) If — PuPnfll < ||f — Pufll + 4l fl| d(M, N).

Proof. Assume ||f — Py f|| < ||f — Pam f]|. By our definition of d(M, N) we have
(2.5) |1Pnf = PuPnfl| < ||Pnflld(M,N) < 2||f[|d(M, N),
since || Py f]| < 2| f]|. Hence

Ilf = Pufl <If = PuPnfll <IIf = Pnfll+IIPvf— PuPnfl
<|\f = Py fll+2]fld(M,N)

which verifies (2.3).
To prove (2.4) we write, using (2.3) and (2.5),

|f = PuPnfl| <|f—Pnfll+|Pvf— PuPnfl
<|f = Pufll + 2| f[ d(M, N) +2|| f|| d(M, N),

and this leads to the desired estimate. a
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We now prove Theorem 2.1.
Proof. For given f € X, apply the strong uniqueness inequality (2.1) with m =
Py Py f and use (2.4) to obtain

Y (NP f — PuPnf® < |If — PuPnfII* = IIf — PufII”
(2.6) < (Lf = PufIl+ AN dM, N = |1 f = Par|*
Since o > 1 and d(M, N) < 1, we have as a simple consequence of the mean value
theorem

(If = PacfIl + 4l fI1 (M, N)* = || f = Par]|®
< Aol fIldMN)(Lf = Parf Il + 4 £1 d(M,N))* ™ < da| f]| d(M, N)(5]| £])*

Thus from (2.6) we obtain

4
(2.7) Y () Par f = PuPn f* < ?a d(M, N)(5]| f1D)-
Finally, from (2.7) and (2.5) we get

\Prf —Pnfll <|[Puf—PuPnfll+||Pnvf—PuPnf

4o Lo 1/a
§5<57T(f)) [ flld(M, N)Y* +2|| flld(M, N)

< 10y ()~ flld(M, NV,

where we used the fact that vp(f) <1, d(M,N) <1, and o > 1. O

Let us obtain strong uniqueness estimates of the form (2.1) for the spaces LP,
1 < p < oo. From Smarzewski [15] we have the following result.

PROPOSITION 2.3. Let X = LP, 2 < p < oo, and let M be any closed linear
subspace therein. Then for any m € M

ollPaf —mlly < f = mllp = IIf = Pu £l

where ¢, = (p — 1)(1 + 8)?P and s is the unique positive zero of the function tP~! —
(p =1t =(p—2).
It can be shown that this ¢, satisfies

227P < ¢, < (p—1)227P.

For the spaces LP, 1 < p < 2, we have the following result of Smarzewski [18].
ProposiTION 2.4, Let X = LP, 1 <p <2, and let M be a closed linear subspace
therein. Then for any m € M

(p = DIPuf = mlly < |If = mlp = [If = Pafll5-

The main consequences of Propositions 2.3 and 2.4 are that they specify orders of
LP strong uniqueness, namely, « = 2 for 1 < p < 2 and @ = p when 2 < p < 00, and
the constants vy (f) are here chosen independent of both f and M. As an application
of Theorem 2.1 we therefore have the following.

COROLLARY 2.5. Let f € LP and M and N be closed linear subspace of LP,
1 <p<oo. Then for 2 <p < oo,

1P f — P fllp < 10¢,™ V2| flpd(M, N)YP,
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where ¢, is as in Proposition 2.3. For 1 < p < 2 we have
1Pacf = P fllp < 10(p — 1) flpd(M, N)'2.

We do not claim that these upper bounds are sharp in the power of d(M, N).
(The constants can certainly be improved upon.) The above result provides us with
an error of the power d(M, N)'/? in L? while we know from section 1 that the correct
order is d(M, N). In the next section we provide necessary conditions under which in
LP, p > 2, the power is always linear in d(M, N). It need not hold in general.

The case p = oo is quite different. If M is a finite-dimensional real Haar space
(that is, one always has uniqueness of the best approximation from M) in C(K), K
a compact Hausdorff space, then it is known that strong uniqueness of order @ = 1
holds. This result, due to Newman and Shapiro [13], was where the concept of strong
uniqueness was first introduced. However it is also known that the constant ~vas(f)
depends upon f and M and is not uniformly bounded from below away from zero as
we vary over, say, all f in the unit ball of C'(K). Thus we have here the optimal order
1 of strong uniqueness, but we have to pay a price in complications due to v (f). If
M is a finite-dimensional complex Haar space in C(K'), K a compact Hausdorff space,
then it is known that uniqueness of order o = 2 holds. See Newman and Shapiro [13],
Smarzewski [17], and Kroo and Pinkus [12] for fuller details. Thus we obtain the
following.

COROLLARY 2.6. If M is a finite-dimensional Haar space in C(K), K a compact
Hausdorff space, then for any closed linear subspace N in C(K) and any f € C(K)

(2.8) 1Parf = P flloo < ear,pd(M,N)?,

where = 1 in the real case, B = 1/2 in the complex case, and car ¢ is a constant
depending on f and M.

It should be noted that in Corollary 2.6 we do not require that the second subspace
N be a Haar space. The metric projection Py can be set-valued, and (2.8) holds with
any element of best approximation from Py f. Thus, as a by-product, we obtain an
upper bound for the diameter, diam Py f, of the set Py f via the distance between
M and N.

COROLLARY 2.7. If M is a finite-dimensional Haar space in C(K), K a compact
Hausdorff space, then for any subspace N in C(K) and any f € C(K) we have
diam Pxf < 2cp,pd(M,N)? with B = 1 in the real case, f = 1/2 in the complex
case, and the constant car ¢ depending on f and M as in (2.8).

Finally, let us mention that in the case of L!-approximation a space M being
a Haar space is only possible when we restrict ourselves to approximating functions
from the smaller space C;(K) of continuous functions endowed with the L' norm. It
is also known that if M is a finite-dimensional Haar space, then strong uniqueness in
the sense equivalent to (2.1) holds (see Kro6 [11]), but the size of the a in (2.1) will
in general depend upon f and M and can be arbitrarily large. On the other hand,
from results due to Angelos and Schmidt [2] and Smarzewski [16], it is known that if
M is a finite-dimensional subspace of L' (K, i), 1 a nonatomic positive measure, then
the set of f € L'(K, i) that have a strongly unique best approximant from M (in the
classic sense where a = 1) is dense in L(K, p).

Here is an example showing that in L' the stability of the metric projection can
be of arbitrary order depending on f.
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Ezample. ITn L*[—1,1] let M := span{1} be the set of constant functions, N :=
span{g}, where

z+1)/t, —1<z< -1+t
g(x) = o+ 1)/
17 _1+t§$§17

and t is any fixed value in (0,1). d(M, N) can be easily calculated since 1 is the best
approximation to g from M, while g is the best approximation to 1 from N. In fact
d(M,N) =1t/(4 —t). Consider the functions f(x) = |z|*sgnz for a € (0,1). Clearly
Py f = 0. From the equality

o hr
[_17t/4] [t/4>1]

and the characterization of best L!-approximation, see Pinkus [14], it follows that
Py f = (t/4)*g is the best approximation to f from N. Hence

t\“4—-t _3
1Pus - Puslh = (3) 25 = 5

On the other hand we clearly have d(M,N) < t¢. This means that the quantity
||Pasf—Pn f||1 cannot be bounded from above by car, rd(M, N)? with a 3 independent
of a (i.e., independent of f) and a constant cps,r independent of N. This is very
different from the situation in LP, p > 1, or C(K), where such a § always exists.

3. Stability of the metric projection in LP, p > 2. In this section we show
that with a different approach, a better stability estimate for the metric projection in
LP?, p > 2, can be exhibited. More explicitly, we prove that when a certain (reasonable)
property holds for the finite-dimensional subspace M, then for every subspace N
of the same dimension we have that ||Pyf — Pnf]| is of order d(M, N). This is a
considerable improvement when compared with the order d(M, N )1/ P of Corollary 2.5.
This refinement also fundamentally uses the fact that for p € (2,00) the L? norm is
twice differentiable.

Let M be an r-dimensional subspace of X. We first give a definition of Gateaux
differentiability of Py; at M.

DEFINITION 3.1. Let M be an r-dimensional linear subspace of X. We say that
the metric projection Pys is Gateauz differentiable at M if for any basis {my,...,m,}
for M and any choice of r arbitrary elements g1,...,g9, of X, we have that for all
feX\ M the limit

. Pyyiaf — Puf
m --————
t—0 t

exists, where t € R and M + tG = span{my + tg1, ..., m, + tg,}.

What we here term Gateaux differentiability is nonstandard in the sense that
the directional differentiability of the metric projection is defined with respect to the
subspace M. The Gateaux derivative of the metric projection Py f with respect to f
(not M) was studied in LP, p > 2, see, e.g., Holmes and Kripke [7].

Throughout this section we assume that p is a positive measure on a set K and
LP(K, ) is the usual set of real-valued p-measurable functions f defined on K for
which |f|? is p-integrable over K with the standard L? norm.
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DEFINITION 3.2. Assume M is a finite-dimensional subspace of LP(K, u). We
say that M satisfies the Z,, property if u{x : m(xz) = 0} =0 for everym € M, m # 0.

Note that if dim M > 1, then this implies that x4 must be a nonatomic measure.
We assume that p is a nonatomic measure in what follows. We first prove the following
result characterizing Gateaux differentiable metric projections in LP(K, p).

THEOREM 3.1. Let M be an r-dimensional subspace of LP(K, ), p > 2, where u
is a nonatomic measure. If p = 2, then Py is Gateaux differentiable. If p > 2, then
Purr s Gateaux differentiable at M if and only if M satisfies the Z,, property.

We first prove some results that will used be in the proof of Theorem 3.1. Let
mai,..., M, be abasis for M. As M is finite-dimensional, there exist constants Cy, cg >
0 such that

(31) Coz|ai| <
i=1

T T
D aimi|| <Co)_lail
i=1 » i=1
for all {a;}7_,. For any given g1, ..., gr, set G = span{gi, ..., g-} (we do not demand
that G be r-dimensional) and let
M +tG = span{m1 + tg1, ..., m, + tg,}.

LEMMA 3.2. Let M = span{my,...,m,}, dim M = r, and G = span{g1, ..., g},
dim G <, be subspaces of LP(K, ) with ||gillp <1,i=1,...,7, and co as given in
(3.1). If |t| < co/2, then for all {a;}]_,

co/QZ la;| < Zai(mi +tg:)
=1 =1

In addition, for each ti,ty € [—co/2,c0/2], we have
2|ty — 1]
Co '

d(M + .G, M +4,G) <

Proof. From the triangle inequality

T

Z a;(m; +tg;)

i=1

It

T s
E a;mq|| — E ;g
i=1 p i=1 p

From (3.1), |t| < ¢o/2, and ||g:]l, <1 for all 4, we can continue this as

T C T c ks
0 0
>0y il =5 > lail =5 > lail,
i=1 2 i=1 2 =1

which is the first estimate of the lemma.
Now, for any h = >.i_; a;(m; + tag;) € M + t2G, ||h||, = 1, we have by the
previous estimate,

T

Z ai(m; +t2g;) — Z ai(m; + t1gi)

i=1 i=1

2t
<|t2—t1|Z|az|< |2

1 = Paroahllp <

p

t] 2|ts — t|
Ih]l, = =2—=.
co

From symmetry considerations it therefore follows that d(M +t2G, M +t1G) < 2|to —
t1|/co. This proves the lemma. O
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LEMMA 3.3. Assume M and G are as in Lemma 3.2. Let Py iaf = 22:1 a;i(t)
(m; + tg;) denote the best approximation to f from M +tG. The a;(t), i =1,...,r,
are continuous functions of t on [—co/2,co/2].

Proof. First note that E(t) := ||f — Puttafllp is a continuous function of t.
This follows from (2.3) and Lemma 3.2. Assume that t; — to but a;(tx) does not
converge to a;(ty) for some j. (In fact passing to a subsequence, if necessary, we
may assume that it is separated from it.) Since ||Pareafllp < 2||f|l, we have by
Lemma 3.2 that {a;(tx)} is a bounded sequence in k. Thus, passing if necessary to a
subsequence, a;(ty) — af for every i. This implies that Pary+, ¢ f converges to some
P*f e M +tyG. Since E(t) is continuous in ¢ and the best approximation is unique
(we have a strictly convex norm) we must have P*f = Pyii,cf and aj = a;(to).
This is a contradiction, hence the lemma holds. d

Proof of Theorem 3.1. Let f € LP(K,u)\M, p > 2, where M = span{my, ..., m,}
is an r-dimensional subspace therein. As previously, let Pyi:af = > ai(t)(m; +tg;)
denote the best LP(K, u) approximation to f from M +¢G. Fori=1,...,r, set

p—1 T
sgn (f—z a;(m; —|—tgj)) (m;+tg;) dp.

=1

Si(a,...,ar,t) IZ/K‘f—Z%(mg‘-ng)

j=1
By the well-known LP-orthogonality it follows that for every ¢
Si(a1(t),...,a(t),t) =0, i=1,...,7.

Taking into account that p > 2, straightforward differentiation yields at ¢ = 0 and
(a1, ...,a,) = (a1(0),...,a-(0)),

0S; _ .
(32) aa:(l_p)A|f_PMf|p Qmimjd,uv 17]217"'ara
J
and
0S; _
ot :/ |f = Pa P~ sgn(f — Par)gi du
K
+(1—p)/ |f = ParfIP~%m; Zajgj du, i=1,...,7
K i
Let

25 \"
J(t) = det (3aj>

ij=1

at (a1,...,a,) = (a1(t),...,a.(t)), and let Jy(t) be the determinant of the matrix
resulting from J(t), where we replace its ¢th column by {BaSti 7_1. We first claim that
J(0) # 0. Indeed, if J(0) = 0, then from (3.2)

Z blbj/ |f — PMf|p72mimj du =20
ij=1 K

for some (b1, ...,b,) # 0. But this then implies that

/ |f = PafIP7?m? dp = 0,
K
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where m = Y77 bym; € M\ {0}. If p = 2, then we actually get [, m*du = 0,

which is an immediate contradiction. For p > 2 we see that this implies that m

vanishes p-a.e. on the set where f — Py f does not vanish. Since f € LP(K,pu) \ M

this contradicts our assumption that M satisfies the Z,, property. Hence J(0) # 0.
By the implicit function theorem

8ai

3t(0): , i=1,...,7

Now, by Lemma 3.3, the functions a;(t) are continuous functions of ¢ for ¢ sufficiently
small. Thus we obtain

- Pyt f — Puf doiq ai(t)(mi +tgi) — >0y ai(0)m;

li = lim
t—0 t t—0 t
L " (ai(t) — a;(0) . - o
= }14{% £ (f m; + Zl al(t)gz
—~ J;(0)
= i +a;(0)gi,
; 0" +ai(0)g

implying that Py is in fact Gateaux differentiable at M.

Assume p > 2 and M does not satisfy the Z, property. We will prove that Pay
is not Gateaux differentiable at M. As M does not satisfy the Z,, property there
exists an m; € M \ {0} such that m; = 0 on a set D C K of positive y measure.
We claim that there exists a basis {my,ma,...,m,} for M such that the identically
zero function is the best LP(K, pu) approximation to my from span{ma, ..., m,} on
D¢, the complement of D in K. To see this, let M = span{mj,...,m,}, where the
{m;}i_, are an arbitrary basis for M. Consider the equation

/ [P~ (sgnma ) (army + azms + -+ - + apmy) dp = 0,
DC
ie.,
ks
Zai/ |1 |P~ (sgnmy)m; dp = 0.
i=1 ¢
This one equation in r variables has r — 1 linearly independent solutions (with respect

to the {a;}i_,), and thus there are r — 1 linearly independent elements {ma, ..., M}
of M on K satisfying

(3.3) / | [P~ (sgnmy )mg dp = 0, i=2,...,T

Obviously m1 ¢ span{ma,...,m,}, and therefore M = span{mi,...,m,}. The or-
thogonality relations (3.3) imply that the identically zero function is the best LP (K, )
approximation to m; from span{mas,...,m,} on D°.

Let f € LP(K, )\ {0} be such that f = 0 on D¢ and the identically zero function
is the best LP(K, u) approximation to f from M on D. That is, suppf C D, and

/ |£1P~ ! (sgn f)ym dp = 0, m € M.
D

Such a choice of f is possible since p is a nonatomic measure. (The restriction of
L?(K, p) to D is infinite-dimensional.) Note that this also implies that Pysf = 0. Set
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g:=,9:=0,1=2,...,r,i.e., M +tG = span{my + tf,ma,...,m,}. Thus

r P
If = Prtrc fIl = inf ‘f —ay (i +1f) = Y agimy
a; = »
T P T p
= inf (I —art)f — Zajmj dp + / aimy + Z CLJ‘TA);LJ‘ dp.
a; D Dc

Jj=2 Jj=2

Whatever the choice of a1, it follows from the fact that the identically zero function is
the best LP(K, u) approximation to f from M on D and the identically zero function
is the best LP(K, u) approximation to my from span{msa, ..., m,} on D¢ that

inf
ag,...,Qp D

(1—a1t)f—jg2ajﬁlj du:/D|(1—a1t)f|pdu

and
r P
inf a1my + Zajﬁzj du :/ laimq |P dp.
az2,.-ar [ pe j=2 De
Thus
If — Pryiafllh = inlf/ [(1 —ait)f|P du +/ la1ma|P dp
a D DC
:inf|1—a1t|p/ |f|pdu+|a1|p/ [ |” d.
al D De
Setting

A::/ an B::/ P d,
D De

this reduces to considering the ¢4 minimum problem

inf |1 — a1t|PA + |a1|P B.
a1

Assume t > 0. The standard ¢4 orthogonality implies that the infimum (minimum) is
uniquely attained by af () satisfying
—[1 = ai ()P  sgn(l — a5 (1)t) At + a3 ()P~ sgn(ai(t)) B = 0.

As t > 0, this implies that sgn(1 — aj (¢)t) sgn(ai(¢)) > 0. Thus aj(t),1 —aj(t)t > 0,
and

o L (A

The right-hand side of (3.4) tends to zero as t | 0, and

] ai(t)
0< al(t) S TW
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Thus aj(t) — 0 as t | 0, which implies that

aj(t) .
ﬁf(t)t < 2aj(t)

for t > 0 sufficiently small. We therefore have

(3.5) (%) < 203 (1)

for ¢t > 0 sufficiently small.
Recall that Py f =0 and Paryia f = af(t)(my + tf). Thus from (3.5) we have

(86)  Puf = Paseaflly = lai ()@ + ), = lai ()] |7 +tfll, > Ct7

for t > 0 sufficiently small. Since p > 2 this proves that Pj; is not Gateaux differen-
tiable at M. O

We now present the main result of this section. We prove that if the Z,, property
holds for a finite-dimensional subspace M in LP(K, i), p > 2, then the size of || Py f —
Px f||p is of order at most d(M, N). Moreover the Z,, property is necessary to attain
this improvement.

THEOREM 3.4. Consider the space LP(K,u), p > 2, where p is a nonatomic
measure. Let M be an r-dimensional subspace of LP(K, i) satisfying the Z,, property,
i.e., p{x : m(x) =0} =0 for every m € M\{0}. Then for every f € LP(K,pu), p > 2,
there exists a constant cpry depending on M and f such that for any r-dimensional
subspace N of LP(K,u), p > 2, we have

1Prf = Pn fllp < ear,pd(M, N).

Furthermore, the Z,, property of M 1is necessary in order for the above estimate to
hold.

Proof. The necessity of the Z,, property follows by the same argument as in the
proof of Theorem 3.1. That is, if M does not satisty the Z,, property, then from (3.6)
and the result of Lemma 3.2, namely, the estimate

d(M, M +tG) < 2|t|/co,
where ¢y > 0 depends only on M, it follows that we cannot have
| Prrf — Prrvec fllp < earpd(M, M +tG),

where cyz, 5 is independent of t.

Let M = span{mi,...,m,} be an r-dimensional subspace of LP(K,u) with
[lmill, = 1, ¢ = 1,...,r, satisfying the Z, property. Let G = span{gi,...,g.} be
such that ||g;||, < 1, ¢ = 1,...,r. We use the previous notation for M + tG and
Pyrriia, and for f € LP(K, u) we set

Prryiaf = Z a;(t)(m; +1tg;).
i1

Assume f € LP(K, )\ M. As in the proof of Theorem 3.1, for i = 1,...,r, set

p—1 T
sgn (f—z a;(m; —|—tgj)) (m;+tg;) dp.

Jj=1

Si(a,...,ar,t) IZ/K‘f—Z%(mg‘-ng)

Jj=1
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Thus, for every t,
Si(a1(t),...,a(t),t) =0, i=1,...,7.

Furthermore, for (ai,...,a,) = (a1(t),...,a(t))

0S; _ .
Yyij(t) := = (1—19)/ |f = Prrgea f1P 72 (mi +tgi) (mj + tg;) dp, i,j=1,...,m
9a, K
and
5]

S; _
En :/ |f = Prea fIP~ " sgn(f — Pugec f)gi dp
K

+(1—p)/ |f = Prrea fIP2 (ma + tgi) g ajg; | du, i=1,...,7
K ;
j=1

Set J(t) = det(y;;(t)); j—1, and let Jy(t) denote the determinant of the matrix obtained
from J(t) on replacing its ¢th column by {88‘? 7_1. Analogously to the proof of
Theorem 3.1, it follows that the Z, property of M implies that J(0) # 0.

We claim that there exists a to(M, f) such that J(¢) # 0 for all ¢ satisfying
[t| < to(M, f), where to(M, f) depends upon M and f. From Lemma 3.3 J(t) is a
continuous function of ¢t and J(0), as shown in the proof of Theorem 3.1, is a nonzero

quantity depending only on M and f. We will show that

17(0) = J(1)] < et

where v := min{1,p — 2} and ¢ depends only on M and f.
In what follows, all constants ¢ will depend upon, at most, M and f. We first
get a bound on |y;;(t)|. From twice applying Holder’s inequality we have

(3.7)
lyi ()] < (p — 1)/ |f = Prgea f1P72|m + tgi| [my + tg;| du
K

(p—2)/p
<=0 ([ 1= Pusarran) ([ me e g +1g,an)
< (p = VIS = Prugea FI5 2 mi + tgillp my + tg;llp
<4p-1)|flp?

since ||f — Puticfllp < IIfllp and [|m; + tgill, < 2 when |t] < 1. Because J(t) =
det(y; ;(t)) we therefore have for each 4,5 € {1,...,r} that

2/p

< ey, [t] < 1.

b

It remains to consider the dependence of y; ;(¢) on t. Note that by Corollary 2.5
of the previous section we have for p > 2

1
[1Pricf = P fllp < coll fllpd(M +tG, M)
for some constant ¢, depending only upon p. From Lemma 3.2, we have

d(M +tG, M) < 2|t|/co,
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and therefore
(3.8) | Partiaf = Paflly < ealtl?.
Since
Yij(t) =(1—p) /K |f = Prrsea P72 (my + tgi) (my + tgy) dp, ,5j=1,...,1,
it is easy to see that
(3.9) i;(t) —vi;(0) = (l—p)/l<(|f—PM+tcf|”’2—If—PMfI”’2)mimj dp+O(t),

where the O(t) term can be bounded above by 3(p—1)t|| f|[5~2, just as in the estimate
(3.7). We estimate the above integrand as follows. For 2 < p < 3 we have

\If = Prurea fIP2 = f = PufIP2| < |Pyusiaf — PufIP2,

and thus by the above, twice applying Holder’s inequality, and the fact that ||m;]|, = 1
we obtain

‘/Kuf — Prrac fIP72 = |f = Pa fIP2)mimy dps
= / Parsicf — PafP~2mim; du < | Parsec f — ParfIIL 2
K

For p > 3, we have by the mean value theorem

If = PaeafIP~2 = |f = PufP2)
<(p—2)(f = Pusecfl + |f — Puf)P?|Puf — Prusecfl-

Applying Hoélder’s inequality we obtain

/K(|f = Pra [+ |f = Puf)P 2 |Pauf = Prgaa f] mam;| dp

p—1
¢

—3)p b P
< </ (If = Pyssa fl+|f — P f]) 7=1 |mymy| 7T du) | Pasf — Prrysa fllp-
K

Continuing we see that

p—1
(p—3)p

(/K(|f—PM+th|+|f—PMf|) = mgmy 7T du> ’

2

< ([ - Pucti+1r=Pusira) © ([ mansttan)

Again applying Hoélder’s inequality and the fact that ||m;|, = 1 we get

2
o1
</ |m1-mj|% d,u) <1.
K
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Furthermore, by the triangle inequality

p—3

(/07 = Presiasi 17 = Pac s )
K
< (If = Parvec fllp + 1f = Pacflp)7 > < @I F1)P7.
Combining these estimates together with (3.8) and (3.9) we arrive at
1965 (1) = yi,5(0)] < eslt]7,

where v := min{1, p — 2} and c3 depends on M and f.
This last estimate and (3.7) yields

7O =IO <ealt?, <1,
and therefore for a suitable choice of ¢4(M, f) we have
S = 1J0)|/2>0,  [t] < to(M, f).

Now, by the implicit function theorem (and using that |%
cation of Hélder’s inequality),

< ¢5 by repeated appli-

9a;

o )‘ _ | L@

J(t)

(3.10)

‘<067 |t|§t0(M7f)7 jzla"'ar'

Assume, without loss of generality, that to(M, f) < ¢o/2. From Lemma 3.2

Z ai(t)gi

Thus we obtain, using (3.10) and (3.11),

T

2 4
<D lait)| < 1P flle < =l 18 < to(M, f).
p =1

(3.11)

T

> ai(t)(mi + tgi) — Z a;(0)m;

=1

|Prrvicf — Pufllp =

p
T

> (ai(t) = a;(0))m;

i=1

(3.12) < crlt] +

< cslt], t| < to(M, f).
p

Recall that these estimates hold for any set of {g; }1_; satisfying ||g|l, < 1,i=1,...,r,
in LP(K, p), p > 2.

Now, let N be any fixed r-dimensional subspace of LP(K,u), p > 2. As above,
consider a basis {m;}/_; for M, where ||m;|, =1,i=1,...,r. For each m; € M let
n; € N be such that |m; —n;||, < d(M,N),i=1,...,r. We assume for the moment
that d(M, N) < to(M, f). Set t = d(M, N) and

n; —1Mmy;

pi= T
ST aon Ny ! "

Thus ||¢;||, < 1 for all ¢, and

M +tG = span{my + tg1,...,m, + tg.} = span{ny,...,n,}.
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From Lemma 3.2, the {m; + tg;};_, are linearly independent, and thus
N =span{ny,...,n.}
and Pyryiaf = Py f. From (3.12) we therefore obtain
1PN f = Prfllp < eslt] = esd(M, N),

assuming d(M, N) < to(M, f). This is the required estimate. Moreover the estimate
holds trivially if d(M,N) > c for any fixed ¢ > 0. This completes the proof when
felP(K,u)\ M. If f € M, then clearly from the definition of d(M, N) we have

1Paf = P fllp = 1f = Pnfllp < | fllpd(M, N).

The proof of Theorem 3.4 is complete. d

Remark. From a reading of the proof of Theorem 3.1 it follows that if f €
LP(K,u) \ M, p > 2, is such that there does not exist an m € M, m # 0, that
vanishes p-a.e. on the set where f — Py f does not vanish, then J(0) # 0 therein.
This is sufficient to imply from the proof of Theorem 3.4 that there exists a constant
e, f, depending on M and f, such that for any r-dimensional subspace N of LP (K, 1),
p > 2, we have

1Prf = Pnfllp < earpd(M, N).

Here we do not need to assume that p is a nonatomic measure.

In this next example we consider /5, p > 2. If M is a one-dimensional subspace
spanned by m, then for every f such that m(f — Py f) is not the zero element we have
1Paf — P fllp < cd(M,N). On the other hand, if m(f — Pas f) vanishes identically,
then ||Pasf — P f|l, is of exact order d(M, N)'/ =1,

Ezample. Let X = R? endowed with the ¢ norm, p > 2. If M = span{(a,b)},
where both a and b are nonzero, then from above the remark, it follows that the
rate of stability to every f is at most linear. As such, let us assume without loss
of generality that M = span{(1,0)}. For ¢t € (0,1), set N, = span{(1,¢)}. From
symmetry considerations

. - _ . - _ . - P p\1/p
e iy =y = g (1,0) = (0, = i (1~ + )
m p:

The minimum is attained when

. 1 _ 1
@ = 14 tp/(p=1) — 14 ¢a’

where 1/p+1/¢ =1, and

t

_ alP wp1p\1/p _
(1Pt =

On the other hand, also from symmetry considerations, we have

. M —eol, 001,
W e o IOl I@ol, ~ @+ w7
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Since ¢ < 2 < p we therefore have

t

d(M,Nt) - m

Let f = (0,1). Obviously Py f = 0. A calculation gives
ta/p 4
Pyf=(——)
w.f <1+tq’ 1+tq> ’
and therefore

/(=1 (1 4 ¢)/p

Pyf—P =
I Pre f = P, fllp T

Thus, since p > 2, we have
1Parf = P, flly < Cp [d(M, No)]/ 7

for t > 0 small, and this is the optimal possible power. By symmetry, when considering
N; for t € (—1,0), the same estimate holds except that we replace t by |t|. Note
that this is better than the power 1/p guaranteed by Corollary 2.5 but worse than
linearity.

A more detailed calculation shows that for f = (a,1), any a € R, we have
Purrf = (a,0) and

a+ [t/ PDsgnt at+ |t/
Py, f = ( ; )
14 |t|e 1+ |t]e
From this it follows that || Ppf — Py, f||, is of order /(=1 as ¢ tends to 0, i.e., of
order d(M, N;)Y/»=1Y) . (For f € M we always have || Py f — Pn, fllp < | fllpd(M, N¢).)
Thus we see that for this subspace M of ¢4, p > 2, the sharp rate of stability for every
f not in M is of order 1/(p — 1).

Note that when M = span{(1,0)} and f = (a,b) we have f — Py f = (0,b), and
thus there exists an m € M, m # 0, that vanishes on the set where f — Pj;f does not
vanish.

Why the power 1/(p — 1) in the above example? One explanation may be in the
fact that M is a subspace of co-dimension 1.

Let M and N be closed linear subspaces of co-dimension 1 in X. Set

M = {m: h(m) =0},
N = {n: g(n) = 0},

where h,g € X*. Assume ||h||x- = [|g]|x+~ = 1 and also that there exist r,s € X,
I”llx = |Isllx = 1 for which h(r) = g(s) = 1. That is, we assume that h and g attain
their norms on r and s, respectively. In this case we have

Pyf=f—h(f)r
and

Pyf=f-g(f)s.
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This follows from the fact that h(Ppsf) = 0 and thus Py f € M, and

If = Pufllx = [R(H)] = [p(f —m)| < [|f —mllx

for all m € M.
Now

M+ = span{h},
Nt = span{g},

and from Proposition 1.2

d(M,N) = d(M~*,N*) = max{min||h - Oégllx*,mﬂin lg — Bhllx-}.

Note that
d(M, N) < min{|[h = gl[x-, [k + gl x-}.
Furthermore, essentially by definition,
d(M* N*) = minf|[h — gllx- b+ gllx-}.

Thus, from (1.2)

min{[h — gllx+, [k + gllx-} < 2d(M, N).

We can always replace h by —h and thus r by —r. So let us assume that ||h —
gllx~ < 2d(M, N). Then

1Paef = Pr fllx = [[R(f)r = g(f)slx = [h(f)r — g(f)r + g(f)r — g(f)slx
<R = g(Hrllx + lg(f)r —g(Fslx
< [R() = gD+ gD lr = sl x-

From the previous inequality

Ih(f) = 9N < Mk = gllx- I fllx <2 flxd(M,N),

and we also have

lg(HI < 1l x-
Thus
(3.13) 1Py f = Prfllx <20 fllxd(M,N) + [ fllx [Ir — s]|x-
It remains to estimate |7 — s||x. That is, if ||h||x« = ||g]|lx* = |I7]lx = ||s]lx = 1 are

such that h(r) = g(s) = 1, and ||h — g||x+ < 2d(M, N), can we get a good estimate
for ||r — s||x?

We claim that the following results hold in LP, 1 < p < 0.

THEOREM 3.5. Assume M and N are closed linear subspaces of LP(K,u) of
co-dimension 1. If p € (2,00), then

IPact = Prfllp < 4l fllpd(M, N)Y/ @D,
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Ifp € (1,2), then
1Prrf = Pn fllp < cpll fllpd(M, N),

where ¢, s a constant dependent only upon p.
Proof. In both cases we will estimate ||r — s||, and apply inequality (3.13).
Assume p € (2,00) and 1/p+1/q = 1. Thus h € LYK, ) and r = |h|"/ P~ sgn h.
Similarly s = [g|*/®~ sgng. We are given that ||h — g||, < 2d(M, N). Note that
||a,|£ sgna — |b|* sgnb| < 210 — b/

for all a,b € R, and ¢ € (0,1). Now

1/p 1/p
||r—s||p=</K IT—SI”du> :</K ||h|1/<p—1>sgnh—|g|1/<p-1>sgng|Pdu) .

Since p > 2, 1/(p — 1) < 1, and thus we can continue the above as

1/p 1/p
< 2(P=2)/(p=1) (/ |h — g|P/(P=D) dﬂ) — 9(p=2)/(r—1) (/ |h— g|d du)
K K

< 2=2)/(=1) (24(M, N))¥P = 2d(M, N)Y/ @1,
We have proved that

1Pef = P flly < 20 £1,[d(M, N) + d(M, NYY@D] < 4] £, d(M, N) /D,
which is the desired result.

Let us now assume that p € (1,2). As above 7 = |h|Y/®=Dsgnh, s = |g|t/ P~
sgng, and we are given that ||h — g|, < 2d(M, N). Now for £ € (1,00) consider

Ha|€ sgna — |b|ésgnb| .

If sgna = sgnb, then by the mean value theorem
(3.14) ‘|a|esgna — |b|*sgn b| = ||a,|£ — |b|e| < {(la| + b)) " |a — b).
If sgna = —sgnb, then

‘|a|ésgna - |b|ésgnb| =la|* + |b|*
< (lal +[6])" = (lal + o)~ (la| + |p]) < €(jal + [8])**|a — b].

Thus (3.14) is valid in both cases.
Now

1/p . . ) . 1/p
||r—s||p=</K|r—s|pdu) =</K||h| /01 sgnh — |gl /<P>sgng|Pdu) .

Since 1 <p < 2,1/(p—1) > 1, and thus we can apply (3.14) to obtain

1 (2-p)p/(p—1) AN
< (5=5) ([ tmi+1a0 h—gPdu) .
b= K
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Applying Holder gives

- (ﬁ) ((/K 18] + g™ du>2_p (/K|h—glqdu)p/q> "
= (52) (0t b o) T

By the triangle inequality and since ||h||, = ||g]lq = 1,

(2-p)/p — , 1
([ tmta” au) " < bl + fll)® P = 2o,

Thus
[ = sllp < apd(M, N)
for some a, dependent upon p, implying that

1Py f = P fllp < cpll fllpd(M, N),

where ¢, is a constant dependent upon p. d

4. Some open questions. This paper leaves open a number of questions. Clearly
the Hilbert space situation is the most satisfactory since we have a sharp linear bound
for the stability of the orthogonal projections in this case. What is unclear is how
to exactly calculate d(M, N) if both M and N are of infinite dimension and infinite
co-dimension.

In LP, 2 < p < 00, linear stability of the metric projection onto finite-dimensional
subspaces holds if and only if the subspaces satisfy the Z, property. However, as-
suming the Z,, property, the constant cys ¢ exhibits a dependence on f. It would be
of interest to determine whether (or when) car,r = car||f||p- If the Z,, property fails
(which includes the case of atomic measures) or the subspace is infinite-dimensional,
then we have by Corollary 2.5 an upper bound of the order d(M, N )1/ P, Furthermore
relation (3.6) yields a lower bound of the form cd(M, N)'/(P=1) which can be attained,
as is illustrated by a previous example. And in the case of subspaces of co-dimension
1 we have an upper bound of this order. There is a gap between these upper and
lower bounds, which raises the question of finding asymptotically sharp upper bounds
in LP, 2 < p < oo, when the Z,, property fails for finite-dimensional M or when the
subspace M is infinite-dimensional.

If 1 < p < 2, then Corollary 2.5 provides an upper bound of order d(M, N)'/2,
This is undoubtedly not optimal. What is the best order in this case? Is it possible
that we always have linear stability as exhibited in Theorem 3.57
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