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A VARIATION ON THE CHEBYSHEV THEORY
OF BEST APPROXIMATION

A. Pinkus, O. Shisha

Summary. A new method of approximation is proposed which maintains much of the
essentials of the classical theory of best uniform approximation, while also using an
Lae-type measure of approximation.

1. Introduction. The classical Chebyshev theory of best uniform appro-

ximation to continuous functions by polynomials of degree < n has a dis-
' tinct advantage over the corresponding ones for the L%-norms, 1=<g< oo, in

that the unique best approximant is characterized by the remarkable geo-
metric property of the error function, exhibiting n+42 points of equioscilla-
tion. In this paper we propose a new method of approximation which main-
tains the geometric flavour of Chebyshev’s characterization of the best uni-
form approximant, while also using an L%type (1=<g< o) measure of appro-
ximation. We must, however, pay a price and the main cost is that our
‘distance’ function is not derived from a norm. However we, perhaps sus-
prisingly, do maintain the uniqueness of a best approximant (when it exists)
and we are able to give a fairly simple characterization thereof.

2. Existence. For the sake of simplicity we shall use an L!-type meas-
ure of approximation and shall deal only with approximation from =, the
set of all real algebraic polynomials of degree <n. The same results hold,
if we use an L%type measure (1<g< c0), and consider approximations from
a Chebyshev subspace of, say, CI[0, 1].

Let f¢C[0, 1]. We define two quantities.

) S lil=max{| ff(x)dxlzo;_gagbgl,f(x)>o on (a, b), or f(x)<0 on (a, b)}.

In words, ||| fI]] is the area of the largest positive or negative hump of f(x),
while ||| fill, is the area of the largest non-negative or non-positive hump of
f(x). (The maximum in (1) and (2) is attained.)

The following result is easily proved.
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Lemma 1. For every f¢C|0, 1]
a) Wfl=0 if and only if f(x)=0 for all x¢{0, 1}, and similarly

b) if c€R Mefll=tel HANL N cAllla=]cl 1 Flily:

c) neither ||| -|il, nor ||| - |||, satisties the triangle inequality.

Thus, neither ||t - ||, nor ||| - !l is a norm. The following result will allow
us to deduce existence or non-existence of a best approximant.

Proposition 2. Assume f, f,€¢C[0, 1], m=1,2,..., and that f,,—f,
uniformly on [0, 1]. Then ||| fill = liMmoo Il fr Ml = liMmsoo | Fon = F ke

Examples exist, for which strict inequality holds in each of the above
inequalities.

Proposition 3. Let f¢C[0, 1] and let n=0.

a) There exists a p*¢n,, for which inf{{l|f—plll:pen}=Illf—p*lil;

b) inf,,g,:n f—p W, may be unattained.

3. Characterization and Uniqueness. If /, / are subintervals of {0, 1],
then by /<J we mean that x<y for all x¢/ and y¢J. We now state our
first main result.

Theorem 4. Let f¢Cl0, 1] and let n=0.Thereisa unique p*¢n, sa-
tisfying int{{l\ f—plll:pen}=[{f—p*|\l. This p* is characterized by the
following property :

There exist n+2 disjoint (nonempty) open intervals I, <. - - <[,.q and
o=+1 or —1, fixed, such that, for k=1,...,n+2,

a) (—1Y'o( f—p®)=0 on Iy;

b) (—1)to [y, (f—p*Nx)dx=Ill f—p*lll. _

Since inf{}||f—pll,:p€n,} may be unattained, it is surprising, but true
that it can be uniquely characterized, if it exists. ,

Theorem 5. Let f¢C[0, 1], and let n=0. Then

3) inf {Ill f—pIlls:pem,}

is attained if and only if there exist n+2 disjoint (nonempty) open inter-
vals < - <l 5 and o=+1 or —1, fixed, suck that for k=1,...,n+2,

a) (—1Yo(f—p*)=0 on I:

) (—1)fafs, (f—=p*)x)ax =l f—p*ll4
where p* is the unigue minimal polynomial given in Theorem 4. If the
infimum in (3) is attained, then it is attained by p* only.

4. Additional Results. Given n=0, for each f¢C[0, 1], let p(f: x)¢ém,
denote the unique best approximant to f from =, with respect to ||| -|||. Since
{If.llf is not a continuous mapping of C[0, 1] into the reals, it is natural to
ask whether p(f; x) may be viewed as a continuous mapping into C]0, 1].
We have

Theorem 6. Let f,f,¢C[0,1},m=1,2,..., and assume that f, con-
verges uniformly to f. Then p(f,;x) converges uniformly to p(f; x).

One of the advantages in the use of uniform approximation is the
fairly simple bounds on the value of the error which were given by de la
Vallée Poussin. Analogues of this fundamental result hold here as well.

Theorem 7. Assume f¢C[0,1], n=0 and pemn, Suppose o=+1,
S <o <Jpeq are disjoint (nonempty) open intervals of [0, 1] and
(—Dfo(f—p)=0 on J, k=1,...,n+2. _
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a) If p==p* of Theorem 4, then ||| f—p*||| >minygpgar2( — 1Yo [1,(f—p)x)dx.

b) infy¢n Il f—@ Il >minigrgnse (— DEs [, (f—p)(x)dx.

In addition we have the following analogue of Bernstein’s comparison
theorem.

Theorcem 8. Suppose f, g€ C[0, l|and n=0. Assume that gr+V exists,
ftU>0, and | g+ b (x)| S fr0(x) throughout (0, 1). Then ming¢x |l 2—plll
smin, ¢ [l f—pll.

For full details see: A. Pinkus and O. Shisha: Variations on the

Chebyshev and L7 theories of best approximation. J. Approx. Theory, 35,
1982, 148-168. "
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