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Iff@) = Z,fio aktk converges for all # € R with all coefficients a; > 0, then the function
f((x,y)) is positive definite on H x H for any inner product space H. Set K = {k: a; > 0}.
We show that f((x,y)) is strictly positive definite if and only if K contains the index O plus
an infinite number of even integers and an infinite number of odd integers.
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1. Introduction

Let H be any real inner product space, (-, -) the inner product thereon, and B a
subset of H. We will say that a function f:R — R is positive definite on B if for any

choice of x!, ..., x" in B and any n, the matrix
(F (. x)7 oy
is positive definite. Equivalently, for all x',....,x"inBandc,...,c, €R
Z ¢ f((x', x7))c; = 0.
ij=1

We say that a function f : R — R is strictly positive definite on B if for any choice of

distinct x', ..., x" in B and any n, the matrix
i oi\\)\"
(F(xx)); 5o
is strictly positive definite. Equivalently, for x' as above, and every ci, ..., ¢, € R, not
all zero,

n

Z c,-f((xi, Xj))Cj > 0.

i,j=1
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(This is not the usual definition of a (strictly) positive definite function which classically
considers f(||x — y||) rather than f({x,y)).)

We know that for any x!, ..., x" in B the matrix
i il
(& )7
is itself positive definite. That is, given ¢, ...,c, € R
n n n 2
D ald ¥e; =) fax, o) =3 ex'| >0
i,j=1 i,j=1 i=1

It is natural to ask for conditions on a function f : R — R such that

f(x.9)

is positive definite or, additionally, strictly positive definite on a particular B.

It is known (see, e.g., [7; 1, p. 159; 4]) that if for all positive definite matrices
(aj); j—; (and for all n) the matrix (f (a;;)); ;_, is positive definite, then f is necessarily
of the form

o0
fo =) a* (L.D)

k=0

with a; > 0 for all k, and where the series converges for all ¢+ € R (f is real entire, and
absolutely monotone on R ;). Thus if we demand that f be positive definite on H where
H is infinite-dimensional, or where H = R¢ with the usual inner product

d
(¥ =) xyi
i=1

and for all d, then f is necessarily of the form (1.1). However there are H for which
condition (1.1) is not necessary in order that f be positive definite on H. For example,
if H = R with (x,y) = xy (x,y € R), then the functions f(t) = |t|” and f(¢) =
(sgnt)|t|? give rise to positive definite functions for any p > 0. To the best of my
knowledge, there is no complete characterization of positive definite functions on R,
for any fixed d.

In this paper we will always assume that f has the form of (1.1). Our main result
will be that among all such functions f is strictly positive definite on H if and only if
the set

K ={k: a, > 0} (1.2)

contains the index 0 plus an infinite number of even integers and an infinite number of
odd integers. This result is in fact valid for any B in any real inner product space H
which contains an interval symmetric about the origin.
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The motivation for considering this question comes partially from certain papers
in Learning Theory, see, e.g., [2,8—11]. Positive definite kernels

R(x,y) = f((x.y))

give rise to reproducing kernel Hilbert spaces (RKHS). That is, with respect to some
suitably chosen inner products ( -, -) there is defined the reproducing space of functions g
defined on B satisfying

g = (g0, f({-. 1))
fory € B. If f({(x,y)) is positive definite, but not strictly positive definite, on B, then

n
Lo
Z Cl'f(<X , XJ>)C]' =0
i,j=1
for some distinct x!, ..., x" € Band ¢y, ..., ¢, not all zero. Moreover in this case

0= Y ar(ix.¥))c; - (ict'f(('»xi))aicf'f((wxj»)

ij=1 i=1 j=1

which immediately implies that

Zcig(xi) =0
i=1

for every g in this RKHS. This is generally an undesirable property, especially if one
wishes to use this RKHS as an approximating set. Thus it is preferable that the kernel
be strictly positive definite.

The approximating property just alluded to may have many forms. One possible
form (see [9,10] for something similar) is to demand that

span{ f((-,y)): y € B}

be dense in C(B) where B is any compact subset of H. If H = R for any fixed d,
and f is positive definite, then the property of f((x,y)) being strictly positive definite
is of course necessary for density. However it is not sufficient. Assuming B contains a
neighborhood of the origin and f is of the form (1.1), then the necessary and sufficient
condition for density, as above, is that K contains 0, an infinite set of even (positive)
indices {m;}, and an infinite set of odd indices {rn;} such that

I X1
=2 = oo

i=1 i=1

o]
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This is a Miintz condition. This result may be essentially found in [3]. Moreover, this
result has nothing to do with positive definite functions. This density property holds for
every real entire function f where K is now the set of integers associated with nonzero
coefficients, i.e., the set of k for which a; # O (and the a; may be negative). And of
course there are other nonentire and nonpositive definite f for which the density property
also holds.

2. Main result

The main result of this paper is the following:

Theorem. Assume

[e.e]

f0=> at*

k=0

with g, > 0, all , is convergent for all ¢, and
K = {k: a; > 0}.

Let H be any real inner product space and let B be a subset of H containing {oz:
] < ¢} for some ¢ > 0and z € H, ||z|| = 1. Then f is strictly positive definite
on B if and only if K contains the index O plus an infinite number of even integers and
an infinite number of odd integers.

Proof. We will first prove the necessity in the case H = R and (x,y) = xy. We

assume [—c, ¢c] € B for some ¢ > 0 and let xy, ..., x, be n distinct real values in B.
The matrix
(f(xixj))zjzl
is strictly positive definite if and only if
> cifxix)e; > 0 2.1)
i.j=1
for every choice of ¢y, ..., ¢, not all zero. As

fO) =) at
k=0

is convergent for all 7, we may rewrite (2.1) as

n

o o0 n 2
k. _ k
ay ci(xix;)cj = ag cix; | .
k=0 k=0 i=1

= i,j=1
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Since the a; > 0 for all k, we have

o0 n 2
Zak <Z cpcf‘) > 0.
k=0 i=1

Our aim is to determine exact conditions on K implying strict positivity for all choices
of ¢y, ..., c, not all zero. In other words, we want necessary and sufficient conditions
on K such that there exist no choice of distinct points xy, ..., x, in Band ¢y, ..., ¢, not
all zero such that

Zc,-xf =0 2.2)
i=1

forallk € K.
To see that we must have 0 € K, let x; =0, c; # 0and n = 1. Then

c1f(0)c; = aoc% >0

implies that ay > 0, 1.e.,0 € K.

Assume K contains only a finite number, say m, of even indices. Then given any
distinct strictly positive x1, ..., x,+1 in (0, c] there exist ¢y, .. ., ¢;+1, not all zero, such
that

m+1

ch-x{‘ =0

i=1
for each k € K which is even. Thus

m+1 m+1

Z cixk + Zci(_xi)k =0
i=1 i=1

for each k € K which is even, and every k odd. In other words we have found a
sum of the form (2.2) with all +x; € B which vanishes for all k € K. Similarly, if K
contains only a finite number, say m, of odd indices, then given distinct strictly positive
X1, ..., Xm0 (0, c] there exist ¢y, ..., ¢;ya1, not all zero, such that

m+1

ch-x{‘ =0

i=1
for each k € K which is odd. Thus

m+1 m+1

ch-xf — Zci(—xi)k =0
i=1 i=1

for each k € K which is odd, and every k even. In other words, we have found a sum
of the form (2.2) with +x; € B which vanishes for all kK € K. This proves that if f(xy)
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is strictly positive definite on B then K must contain the index O plus an infinite number
of even integers and an infinite number of odd integers.

Now assume we have any real inner product space H, and B C H as in the state-
ment of the theorem. We show that the necessity follows easily from the case H = R.
Let us assume that the matrices

(f (%)
are strictly positive definite for all choices of distinct x!, ..., x" € B and all n. Then for

any distinct xq, ..., x, € [—c, c], and all n, the matrices

n

(f (tizxj2))7 = (Fax)))

are strictly positive definite. (Recall that (z,z) = 1.) This is the previous case with
B = [—c, c]. Thus necessarily K must contain the index O plus an infinite number of
even integers and an infinite number of odd integers.

We now prove the sufficiency in the case H = R. We assume that 0 € K and K
contains an infinite number of even integers and an infinite number of odd integers. We
will show that f is strictly positive definite on all of R, and thus on every B C R. From
the above it suffices to show that there cannot exist distinct xq, ..., x,, and c;, ..., ¢,
not all zero, some 7, such that

n

Zcixf =0

i=1

for each k € K. It is easily shown that since O € K it in fact suffices to show that there
cannot exist distinct nonzero xi, ..., x,, and nonzero cy, ..., ¢,, some n, such that

Y axf=0 (2.3)
i=1
for each k € K/ = K\{0}.
Assume this is not the case, and such ¢; and x; as in (2.3) do exist. Let
A= max{lxilz I = ln}
and
Yi = o

Thus

n
Yot =0
i=1
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for an infinite number of (even and odd) integers k. Given any ¢ > 0 there exists an N
such that for k > N

Z Ci y{‘ <e.
lyil<1
Thus
Y y;«' —e
lyil=1
for an infinite number of even and odd integers k. The set {i: |y;| = 1} contains ei-

ther one or two values. If it contains one value i, then |c;| < ¢ for every ¢ > O, a
contradiction. If it contains two values i and j, then

lci £cj|l <e¢
implying that
lcil, lejl < €

for every ¢ > 0, which is again a contradiction. This contradiction to our assumption
proves sufficiency in the case H = R.
It remains to prove the sufficiency in the case of any real inner product space H.

Our proof is based on the following result. Let x', ..., x" be distinct points in H. Then
there exist distinct real numbers by, ..., b, and a positive definite matrix (m;;); =1 such
that

(Xi, Xj) = b,b] + m,-j.
We defer the proof of this result. As the (m; j)l'.f =1 is a positive definite matrix, we have

n n n

Z C,'(Xi,Xj>Cj = Z C,'bibjCj + i Cim;;C; > Z Cib,’bjCj.

ij=1 ij=1 ij=1 ij=1

Similarly, it is well known that

n n
. . k k
E Cl'<Xl,X]> Cj = E Ci(bl'bj) Cj.
i,j=1 i,j=1

(This is a consequence of inequalities between the Schur (Hadamard) product of two
positive definite matrices. See, e.g., [5, p. 310].) Thus

n o0 n
Z ¢ f((X.x'))c; = Zak Z ¢i(x, xj>kcj
Py k=0 =1

o0 n 2

[ n
> ay Z Ci(b,’bj)ij = Zak ZCibf
k=0 k=0 i=1

= i,j=1
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However as the b; are distinct real values and K contains O plus an infinite number of
even integers and an infinite number of odd integers, we know that the last term in the
above sequence of inequalities is strictly positive for all choices of cy, ..., ¢, not all
zero. This proves the sufficiency. U

It remains to prove the following result.

Proposition. Let H be any real inner product space, and x!, . .., X" be n distinct points
in H. Then there exist distinct real numbers by, ..., b, and a positive definite matrix
(mij)lfszl such that

(Xi,Xj) = b,b] —|—m,-j.

Proof. Set
aij = <Xi, Xj>.

We first claim that as the x!, ..., x" are distinct points in H, the positive definite matrix
A= (@;)} =1 has no two identical rows (or columns). Assume this is not the case. Then
for some i, j € {1,...,n} we have

aii = a;j = aji = ajj
which is the same as
(x',x) =[x, x/) = [x/, /).
It is now easily checked that
Jix/ 3/~ (¢ x| =0
which implies that
x = x/

contradicting our assumption.

The remaining steps of the proof may be found as an exercise in [6, p. 287]. For
completeness we record it here.

Since A is a positive definite matrix it may be decomposed as

A=C"C

where C = (ckj)Z’:l’}zl is an m x n matrix and rankA = m. Thus

m
aj; = E CkiCkj» i,j=1,...,n.
k=1

As no two rows of A are identical, it follows that no two columns of C are identical.
There therefore exists a v € R™, ||v|]| = 1, for which vC = b with b = (b4, ..., b,)
where the {b;}?_, are distinct.
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Now let V be any m x m orthogonal matrix (VTV = I) whose first row is the

above v. Let U be the m x m matrix whose first row is the above v and all its other
entries are zero. Then

A=C'c=cVlvc=cv'uc+c" v -u)" (v —U)C

since UT(V — U) = (V — U)"U = 0. From the above, it follows that (C'UTUC);; =

bib

and M = CT(V — U)Y(V — U)C is positive definite. This completes the proof of

the proposition. O

Remark. 1If B is bounded, then the above theorem will hold for every f(t) = Z/?o:o agt*,
a; = 0, which converges in the ball of radius sup{||x||: x € B}.
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