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MOMENT THEORY FOR WEAK CHEBYSHEV SYSTEMS WITH
APPLICATIONS TO MONOSPLINES, QUADRATURE FORMULAE
AND BEST ONE-SIDED L'-APPROXIMATION BY SPLINE
FUNCTIONS WITH FIXED KNOTS*

C. A. MICCHELLIt AND ALLAN PINKUS#

Abstract. The chief purpose of this paper is to present an alternative approach to results
concerning the existence and uniqueness of monosplines which have a maximum number of zeros (the
fundamental theorem of algebra for monosplines). In addition, we discuss the related problems of
“double precision” quadrature formulae and one-sided L'-approximation by spline functions with
fixed knots.

1. Introduction. The chief purpose of this paper is to present an alternative
approach to the results of S. Karlin and L. Schumaker [6] and S. Karlin and C. A.
Micchelli [3] concerning the existence and uniqueness of monosplines which have
a maximum number of zeros (the fundamental theorem of algebra for mono-
splines). In addition, we discuss the related problems of “double precision”
quadrature formulae and one-sided L '-approximation by spline functions with
fixed knots.

Our approach to these problems is based on moment theory. The relationship
of the above problems to moment theory is not surprising. In fact, I. J. Schoenberg
originally suggested this relationship in [13] and S. Karlin and W. J. Studden [7]
discuss a special case of the fundamental theorem of algebra for monosplines by
means of moment theory.

However, the method used in [6] (and later in [3], [4] and [10]) to prove
Schoenberg’s conjecture [13] does not use moment theory and is needlessly
complicated. Our proof uses Theorem 2.1; see Theorem 5.1 and Corollary 5.1.
Nevertheless, the methods of [6] are indeed valuable when the simplicity of
moment theory is not applicable, as in [4] and [10].

A thorough treatment, with improvements, of M. G. Krein’s work [8] on
moment theory for Chebyshev systems is contained in [7]. The basic difficulty that
we face here is to provide a suitable version of these results for weak Chebyshev
systems. In his thesis [ 1], H. Burchard studied the problem of interpolation of data
by generalized convex functions and was also led to the problem to extending
moment theory to weak Chebyshev systems. His extension, however, is too
restrictive for the application we have in mind. For the related problem of
determining the “envelope” of smooth functions “pinned down’’ on some parti-
tion, see Micchelli and Miranker [14].

In § 2 we present an extension of moment theory to weak Chebyshev systems,
which improves on Burchard’s result. We also discuss the related problem of
one-sided approximation for weak Chebyshev systems. In § 3 we apply the
general theory to certain classes of spline functions to obtain ‘‘double precision”
quadrature formulae. Section 4 contains our version of the fundamental theorem

of algebra for monosplines satisfying mixed boundary conditions, which subsumes
[3] and [6].
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2. Moment theory for weak Chebyshev systems. We begin by recalling the
main results of moment theory for Chebyshev systems. Let M be a linear subspace
of C[0, 1] of dimension n spanned by the functions u4(¢), - - -, u, (¢) and let da (r)
be a nonnegative finite measure on [0, 1]. If da (¢) is a discrete measure

J, 10 dat0= 5 w1, feclo, 1],

A >0, - /\N >0,0=H< <ty S 1, then the index of da, denoted by I(a), is
deﬁned to be Z g w(t) where w(t)=2whente{0, 1},and w(¢) = 1 when € (0, 1).
Followmg [8], we call da(f) a positive measure (relative to M) provided that
IO u(t) da(t) >0 whenever u is a nontrivial nonnegative function in M. A positive
measure corresponds to an interior point of the moment space determined by the
set of functions {u(¢), - - *, u,(¢)} [7]. The measure dao is said to be a principal
representation of da prov1ded that IO u(t) dao(t) = ,(0 u(t) da(t) for all ueM
and I(ao) =n/2. If da, has mass at one, it is referred to as an upper principal
representation; otherwise, it is called a lower principal representation. The set of
functions {u4(¢), -, u,(¢)} is called a Chebyshev system on [0,1] (M a
Chebyshev subspace) provided that

uy(ty) -0 ui(s,)
. - |>0

un(tl) e un(tn)
forall0=n<t,<---<t,=1.
The following result of Krein is proven in [7]. If M is a Chebyshev subspace

then every positive measure da () has exactly two principal representations,
1

J u(t)da(t)=J' u(t)d(_x(t)=J' u(t) da(r), ueM,
(1] 0 0

where da is a lower principal representation and da is an upper principal
representation.

Let us denote by K the convexity cone generated by M. Thus every fe K isa
function defined on (0, 1) which satisfies the inequality

ui(t) - uiltysn)
u(t) o us(tesr)
=0,
U(t) Uy (tarr)
| ft) o ftee)
for all 0<t; < --<#,,,<1. The principal representations corresponding to a

positive measure have the additional property that for f € K, = C[0, 1]N K,

1

@.1) j £0) dgméjo £0) da(t)éfo £(6) (o).
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This inequality is called the Markoff-Krein inequality.

We shall now discuss the extension of the above results to a weak Chebyshev
system which contains a positive function.

A set of linearly independent continuous functions {u;(¢)};-; form a weak
Chebyshev system (M a weak Chebyshev subspace) on [0, 1] provided that for all
points 0=t <---<¢, =1,

u(ty) - ug(t,)
u(ty) - ux(t)

. . |=0.
uy(ty) - u,(t,)

THEOREM 2.1. Let M be a weak Chebyshev subspace of dimension 2l on
[0, 1], which contains a strictly positive function on (0, 1). Then every positive
measure relative to M has a lower principal representation.

Proof The basicidea of the proof is to ““‘smooth” the weak Chebyshev system
{w;(¢)}i, into a Chebyshev system and then apply the previous results for
Chebyshev systems. Specifically, let 5 >0 and define

1 (! >
u;(t; 8) =-——J e CTM28y (x) dx.
V218,
Then {1;(¢; 8)};%, is a Chebyshev system [7], and lim,_, o+ u;(¢; 8) = u; (¢) uniformly
in any closed subinterval of (0,1) and limg_ o+ u;(¢; 8) = u;(t)/2, for te{0, 1},
i=1,---,2l Thus for every positive measure da, there exists a lower principal
representation das such thatfori=1, - -, 2l
1

@D | w9 da0=] w ) dest)= £ 4G 6)5)

where A;(8)>0,j=1,---,,and0<#,(8)<- - - <f(8) <1.(We may assume that

1 1
2.3) lim I u;(t; 8) das(t) =J w;(t) da(t), i=1,---,2L
8-0" Yo 0
Otherwise, we construct another measure da (¢), positive relative to M, such that
1 1
lim I u;(t; 8) d&(t)=J' u;(t) da(t), i=1,---,2l
80" Jo 0

and let do; () be the lower principal representatlon of da(t). Then clearly (2.3) is
valid.) Construct the “polynomlal” u(t; 8)= Z a;(8)u; (t &) which satisfies
u(t;(8); 6) 0,i=1,---,1L u(t;8)=0 for t>t1(6) and Z, [a:(8)F =1. Since
{u;(t; 8)}2L, is a Chebyshev system on [0, 1], the above conditions uniquely
determine u(t; 5). Hence from (2.2), we conclude that jo u(t; 8) da(t) =0 for all
8>0.Since 0<,(8) < -+ < t,(6) <1, there exists a subsequence {8, }x~1, 8 | 0,
such that (8;)~>¢, i = 1 , I, where 0=t,=:---=4=1. Choosing a subse-
quence of {8, }x -1, if necessary, 1t follows that u(z; 8,) > u(t)ask 1 umformly in
any closed subinterval of (0, 1). Thus j'o u(t) da(t)=0,and u(;)=0,i=1,---,1,
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while u(f) =0 for t = ¢,, and u(¢r) # 0. Since da is a positive measure relative to M,
t, > 0. In a similar manner, one proves that #, < 1. Furthermore, using the fact that
M contains a function which positive on (0, 1), it follows that A,(5), - - -, A;(8) are
uniformly bounded in 6. Now we may easily pass to the limit in (2.2), perhaps
through a subsequence, and obtain a limit da (¢) for da;(¢), where

Ilui(t) da(t)=J1ui(t) da(t), i=1,---,2L
0 0

The proof of Theorem 2.1 will be complete if we can show that I(da) =L
From the above analysis, I(da) = [. If strict inequality holds, then we construct by
smoothing, a nonnegative nontrivial polynomial in {1, (¢)}7%, which vanishes at the
points of increase of da. This contradicts the positivity of the measure da. Thus
I(da) =1, and Theorem 2.1 is proven.

Under the stronger assumption that M contains a strictly positive function on
the closed interval [0, 1], we may prove the following result.

THEOREM 2.2. Let M be a weak Chebyshev subspace on [0, 1] which contains
a function which is strictly positive in [0, 1]. Then every measure which is positive
relative to M has an upper and lower representation.

Remark 2.1. Theorem 2.2 was proven in [1] under the stronger hypothesis
that M is a weak Chebyshev subspace on some closed interval strictly containing
[0, 1].

Remark 2.2. Theorems 2.1 and 2.2 are not valid if there does not exist a
positive function within the weak Chebyshev subspace. For example, consider the
two-dimensional weak Chebyshev subspace composed of cubic polynomials
which have a double zero at 3. On [0, 1] the positive measure dt has no lower
principal representation relative to this subspace.

LEMMA 2.1. Let M be a weak Chebyshev subspace of dimension n on [0, 1]
and letf € Ko— M. If da is a lower principal representation of some measure which is
positive relative to M, then there exists a nontrivial nonnegative function g(t) =
cof () +Y—, cu;(2) such that j(l, g(t) da(t) =0, and for any g(t) of the above form,
¢o>0. If we replace da(t) by an upper principal representation da(t), then the above
holds with ¢, <0.

Proof. If M is a Chebyshev subspace, then the proof of Lemma 2.1 may be
found in [7]. For M as above, the existence of a g(¢) as indicated in the statement
of the lemma follows by smoothing as in the proof of Theorem 2.1. Thus for da (¢),
¢ =0, and for da(t), co=0. However, if in either case ¢, = 0, then we contradict
the positivity of da, or da relative to M.

COROLLARY 2.1. Let M be a weak Chebyshev subspace of dimension n on
[0, 1]. If da(t) and da(t) are lower and upper principal representations of a positive
measure da(t) relative to M, then

Ll f(0) de(n) = Ll f(2) da(t) = LI f(2) dai(e),

for any f € K,,.
Proof. We may assume without loss of generality that f € K,— M. Then from
Lemma 2.1 we conclude that there exists a nontrivial nonnegative function
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g(1) = cof (1) + X, cju;(t) with ¢ >0 such that fo g(t) da(t)=0. Hence

1 1

OéL g da(t)=‘|‘0 g(t) dol(t)—J‘0 g(r) de(1)

~eo | 10wt~ [0 dat®).

This proves the lower inequality. The upper inequality is similarly proven.

Remark 2.3. When da(t) satisfies the hypothesis of Corollary 2.1 and is also
a positive measure relative to the subspace M; which is spanned by the functions
{f, uy, * -+, u,}, then strict inequality holds in the above inequality whenever
feKy,—M.

We will denote the smallest linear subspace containing K, by [Kj].

The following useful corollary appears in [1] in a weaker form.

COROLLARY 2.2. Let M be a weak Chebyshev subspace of dimension n. If
[Ko] contains an n-dimensional Chebyshev system on [0, 1], then every positive
measure relative to M has at most one upper and one lower principal representation.

Proof. Suppose da, and da, are two upper principal representations for
da(t). Then according to Corollary 2.1, Ll) f(t) da,(t) = j(l, f(t) da,(¢) for all f € K.
Since [K,] contains a Chebyshev system of dimension n, and I(d&,) = I(da,) =
n/2, we conclude that da, = da,.

Chebyshev systems have the property that for any points 0 =x,; <- - - <x, =1
and any data y,, y,, - - -, y,, there exists a unique u € M satisfying

(24) u(xi)=yi’ i=17 2',' P (%

For a weak Chebyshev system, the determinant of the linear system (2.4) may be
zero. However there does exist at least one set of points in [0, 1] for which (2.4) has
a unique solution. We will show that the support of the principal representations
of positive measures has this property under the assumptions of Corollary 2.2.
To explain this further let us suppose for the moment that n =2/, M < C'[0, 1],
and da is a positive measure with lower principal representation da. Then

1
| f0dat= £ 0pw),  rem

Where A1>O,A2>O, A ,Al>0, O<t1<‘ . ‘<t[<1.
We associate with da the interpolation problem
u(ti)zy(t?’ i=1,2,“"l>
ul(ti)=y%9 i=1729..'al‘
This set of equations has a unique solution for all real data {y{:}, i=1,---,1
j=0, 1, provided that the homogeneous set of equations
u(ti)=0’ i=1,”.al,
2.5)
u,(ti)=09 i=1,”'9l,

has only the trivial solution in M. We will denote (2.5) simply by u(da)=0. In
general, for any discrete measure, we interpret u(dB)=0 as the interpolation
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problem which sets u(¢) and its first derivative equal to zero at an interior point of
the support of dB while at an endpoint of [0, 1] only the value of u(t) is set equal to
zero.

CoROLLARY 2.3. Suppose M is a weak Chebyshev system contained in
C'[0, 1], and [K,)N C'[0, 1] contains an n-dimensional Chebyshev system on
[0, 1]. If for all f € K, da is a positive measure for the subspace My, then u(dB) =0
has only the zero solution in M, if dB is a principal representation for da.

Proof. Let us again restrict ourselves to the case when n =2/ and to the
interpolation problem corresponding to the lower principal representation. Thus
we are required to show that the only solution to the system of equations

21
Y au;(4)=0, =12,
(2.6) i=1
21
iZI aui(t)=0, j=1,2,--- 1
is the zero solution. Suppose to the contrary that (2.6) has a nontrivial solution.
Then we conclude that there exist constants ¢, ¢}, i=1,2,- -, [, not all zero,
such that

! !
Fu)=Y ctu(t)+ Y ciu'(t)=0,
i=1 i=1

for all u € M. From our hypothesis, there exists an foe€ KN C'[0, 1] such that
F(fy) #0. Choose a constant ¢ such that

1 1
'[ vda=j vda +cF(v), veM;,
0 0

We arrive at a contradiction, as before, by constructing a nontrivial nonnegative
vo € M, which vanishes on the support of da and necessarily has the property that
F(vy) = 0. Thus we have contradicted the fact that da is a positive measure for Mj,.
Remark 2.4. Let w(t) >0, t€[0, 1]. Then the measure da(tf) = w(t) dt is a
positive measure for all subspaces M;, f € K.
Corollary 2.3 enables us to treat the question of one-sided approximation by
weak Chebyshev systems. Let us consider the minimum problem

(2.7) min J (f(t)—u(®)) da(2).

u=sf "0
ueM

COROLLARY 2.4. Let the hypothesis of Corollary 2.3 hold and suppose da is a
lower principal representation for da. Then every f e KN C'[0, 1] has a unique best
one-sided approximation from below. The best approximation u to f is determined
uniquely by the interpolation conditions (uy— f)(da) = 0.
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Proof. Let u, be uniquely determined by the conditions (uo—f)(da)=0.
From Lemma 2.1 and Corollary 2.3, we conclude that uy,=f. Now let u be any
element in M such that u =f. Then

[ u datr=| uydas[ fdato
0 0 0
(2.8)

= [ wolt) da )= uot) datt),
0 0

Thus u, is a best one-sided approximation to f from below. Furthermore, if u° is
any other best one-sided approximation to f from below, then according to (2.8)
we have [o (f() —u°(t)) da (1) = 0. Thus (f — u°)(da) =0, and from Corollary 2.3
we conclude that u°= u,.

Remark 2.5. The unique one-sided approximation from above for fe
KN C'[0, 1] is determined by the interpolation conditions (f —u,)(d&) =0, if da
exists.

We end this section with some remarks concerning weak Chebyshev systems
which satisfy linear constraints. This will enable us to conveniently apply the
above results to certain classes of spline functions.

Given linear functionals Ll(u) -, L (u) defined on the linear subspace M
spanned by the functions {u;}/"], we denote by M(L) the subspace of functions in
M which satisfy the linear constraints L;(#) =0,i =1, 2, - - - , k. We may construct
a basis for M(L) in the following way. We define the (k + s)th order determinants

U(il’ Y ika ik+1a Y ik+s>
Lla' t 7Lk,x17' Ty Xs
Ly(w,) - Li(u;,) U, (x) - uy(xg)

Ll(uik-..s) e Lk(uik+s) uik+s(x1) tte uik+s(xs)

for 1 <11 <-- o <pis=n+rand0=x,<---<x, =1.If the set of linear function-
als {L;}_ is mdependent over M, that is, rank IL; (w))|lf=1 /21 =k, then there exists

exist i; <- - - <i such that
ll’ ..
a=u( ) 0,
L17

,

and the functions

i, c 0, kil
i;t=U( ), [1=1,2,---,n+r—k,
(1) L Lyt n+r—k

where {i{, " ,ini,—«} are the set of complementary ordered indices to
{is,,itin{1,2, -+, n+r}, form a basis for M(L). Furthermore, employing



MOMENT THEORY 213

Sylvester’s determinant identity, see Karlin [2], we have for some o =+1

viy(xy) crr O ()

vis(xq) o 0(Xpr—k) =a-d"+’_k_1U(1’ 2,k k+1, -0, n+r)
: . Li,o Ly xy, X /'

L/ — (x9) -~ Uity (Xnr—i)

Thus if M(L) has dimension n +r—k, rank ||L;(w)||= k and

Lok k+1, -, ntr
o =0,
Lla"'>Lkaxl"”axn+r—k

(2.9)

for all 0=x,<-**<Xn+,—x =1, then the set of functions {v;}}27* form a weak
Chebyshev system on [0, 1].

Furthermore, let us note that if there exists a set of points for which strict
inequality holds in (2.9), then it follows that the rank ||(L;(w)|=k and the
dimension of M(L) is n+r—k.

Let f be a function defined on [0, 1] such that

Ly(uy) o Ly(thysr) L(f)

(2.10) o Ly (uq) cor Li(Unsr) Li(f) =0,
uy(xy) Tt U (xg) fGx1)
ul(xn+r—k+1) Tt un+r(xn+r—k +1) f(xn+r—k+1)

for 0=x;<---<x,4-x+1=1. Then according to Sylvester’s determinant iden-
tity, we may express the determinant in (2.10) as

v(x1) co 0 (Xpr—k—1)
Ui&(xl) Tt Uié(xn+r—k+1)
dn+r—k X N

Uilsr—s (x1) -~ Uil.+,_k(xn+r—k+1)

f(xl) Tt f(xn+r—k+l)
where

Ll(“il) to Ll(uik) Ll(f)

(2.11) f(0)=

Li(w) - L) L(f)|
w () w0 f()

Thus f is in the convexity cone of M(L) and L,(f)=0,i=1,- - -, k. Among all
functions which satisfy these relations, (2.11) gives us a correspondence between
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the elements in the cone of M(L) and functions for which (2.10) is valid.
Finally, observe that we may expand the determinant in (2.11) by the last
column and express f(¢) in the form

fo =0+ £ a 0L,

where aq(t), - - -, ax(t) are elements of M.
We now consider some application of our previous results.

3. Quadrature formulae for spline functions with boundary conditions. Let
A, denote the partition 0= &, <& <---<§ <&, =1 of the unit interval [0, 1].
The class of spline functions on [0, 1] of degree n —1 with simple knots at A, is
defined by
F=F1(8,)={S: S C"[0,1), Sl .y Elln-1, #»=0,1,- -, 1},

where I1,,_; denotes all polynomials of degree =n — 1. Every element S € & has a
representation of the form

n—1 . r _
SH=Y at'+ Y a(t—&)7,
i=0 i=1

where ¢, = max {0, ¢} (we shall always assume n =2).

We are interested in the subclass of ¥ which satisfies boundary conditions of
the following form.

Let n+r=k +m, and define

(3.1 GH="T AFYO+T B, i=1,--, k.
j=0 i=0

Denote by &(€,) the subset of & satisfying C;(S)=0, i=1,:--,k, and let
C=|Cyli=1 =57, where
Ay(=1y™ =1, i=0,1,---,n—1
T
i 2n—1—j> i=1,---,k, j=n,---,2n-1.
The following conditions on the matrix C are assumed to prevail throughout this
paper.

(i) 0=k =min{2n, n+r}.

(i) There exist {iy, ", i j1r* " "5 Joes}S{0,1,+ -, 2n—1}, 0=i; <+ -+ <
i=n—1<j,<---<ji_s=2n—1, satisfying M, ;+m=v, v=m+1,--+,n,
where M, counts the number of terms in {i,, - - -, i, 2n—1—jy, -+, 2n—1—j_;}
less than or equal to v, and

(3.3) c(l’ S k) #0.

Lyttt sl ], " 5 Jk—s

(i) Forall {iy, -, i,ji," ", ju-s} satisfying (ii),

]
o " sl J1 "7 " 5 Jk—s

is of one fixed sign.
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Remark 3.1. Note that we make no assumptions on the k X k minors of C for
which M, _;+m=v,v=m+1, - -, n does not hold.

The main theorem of this section is the following resulit.

TueoreM 3.1. Given a positive weight function w(t) >0 and nonnegative
integersn,r, k,lwithn =2, and n +r = k + 21, then there exists a quadrature formula
of the form

1 k
(3.4) [ rowwa=3

1
GG(H+ L Af(®),
0 j=1 j=1
which is exact for all s € &, where A;>0,j=1,---,l,and 0<t; <---<g;, <1.

We remark that the formula appearing above is of ‘“double precision” since
the dimension of & is n +r while the number of “free’” parameters appearing on
the right hand side of (3.4) is k +2L

In general, the above quadrature formula is not unique as the following
example demonstrates.

Example 3.1. Let n=2 and r=3 with the knots chosen at &, =3, £ =3,
&,=3% and [ =2 and k =1 where the boundary condition is $(0)+ S(1) = 0. This
boundary condition satisfies (3.3) and the following two quadrature formulae hold
for fE {1’ 3 (t_%)-lh (t“%)}-’ (t—g)-lf-}:

[ 0 a=Soeran+(2)+34(2).

J~01 f@t)dt= %(f(O) +£(1)) +1iz f@) +i_ f(%)

Whether uniqueness persists for all n# =3 remains unresolved. However, we
will later give some partial results on the uniqueness of (3.4).

The main idea in the proof of Theorem 3.1 is simply to show that the subspace
F(€,) has a lower principal representation. The remainder of the section is
devoted to the details of the proof of this fact.

Let us write

w(t)=1"", i=1,---,n,
and
Unsi(0)= (= &)1, i=1,---,r
Then in the notation of § 2, Melkman [9] (see also [5]) proved.
TueoreM 3.2. If n+r=k+m and (3.3) is valid, then

(3.5) L T "+’)a__>_0,

Cla"'aCka-xl,“'rxm

where o = +1 or —1 fixed, for all choices of 0 <x,=- - - =x,, <1 (where at most n of
the x;’s coincide), and (3.5) is strictly positive iff there exists an {s, k — s} for which
(ii) of (3.3) is satisfied and

(36) §u+s—n <xy. <§p.+s’ ® = la R ((

(whenever the inequalities are meaningful).
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Thus according to the discussion at the end of § 2, we conclude that #(%; ) is a
weak Chebyshev subspace of dimension m on [0, 1].

We list below some examples of boundary conditions which satisfy (3.3).

Example 3.2.

$%(0) =0, w=1,---,p,

S(i“)(1)=0, w=1,+--, q,
wherep+q=k,0§i1<---<ip§n—1,0§j1<-'-<jq§n—1,andM§,_1+m§
v, v—m+1 -,n, where M, counts the number of terms in
{is, =+ i1, "+, Jq) less than or equal to v.

Example 3 3. S(’)(O) §91),i=0,1,--+,k—1,if k+n-+ris odd.
Example 3.4. $90)=-5Y1),i=0, 1 -,k—1,if k+n+riseven.
Example 3.5. Separated boundary conditions. Let

AD="S A4f0) =0, i=1,-,p,

Bi(f)= B;f(”(l) 0, i=1,--,q,

where p +q = k. It may be easily seen (see [5]) that these boundary conditions
satisfy (3.3) provided that

(i) O=p,g=n;

(ii) there exist {iy, " -,i,}, {jv, " ,Jj;t<s{0,1, -+, n—1} satisfying
M, _+mz=zv, v=m+1,---,n, where M, counts the number of terms in
{iv, s ipJ1, " 5 Jq} less than or equal to v and

3.7) A(,l" ”,’)B(1 ”’q);eo
i i)\

where A = ”Aq( l)J”z 1,” 0, B "Bx]”z 1;" 05

@ii) forall {iy, -+, i}, {j1," " ", J,} satisfying (ii),

A(1ere)a(1 )
i i\, g,

is of one fixed sign.

Note that Example 3.5 includes Example 3.2.

Returning to the general case (3.1), let T denote the set of integers s for which
(ii) of (3.3) is satisfied. Then we have the following interesting corollary of
Theorem 3.2.

COROLLARY 3.1. If there exists an s € T for which min{s, k —s}=r, then
P(%,) has a basis of m functions which form a Chebyshev system on (0, 1).

It may also be shown that if se T is such that min{s, k —s}=r, then
M, _+mzv,v=m+1, -, nforall{iy, - -,i,j1,""",Jjks} satisfying 0=i; <
cee<ig=n—1<j; <+ <ji_s =2n—1. Note that when the boundary conditions
are separated (Example 3.5), then T ={p}.

In the discussion which follows, we set m = 2l. Since we wish to prove the
existence of a lower principal representation for any positive measure da(t)
relative to $(%;), we shall assume [ >0 (i.e., k <n+r). If I =0, Theorem 3.1 is
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easily proven. To apply Theorem 2.1, we must show that there exists a function in
F(6,) which is positive on (0, 1). However, this is not always possible. To
circumvent this difficulty, we introduce the following notion of a zero of degree a
for the subspace F(%6).

DerINITION 3.1, If Se%(%,) implies S(0)=S5'(0)="--=8*"1(0)=0,
while there exists an S € #(%,.) for which $(0) # 0, then we say that #(%, ) has a
zero of degree « at 0. If there exists no such a, i.e., $90)=0,i=0,1,---,n—1,
then we say that #(%6) has a zero of degree n at 0. Similarly we define the degree
of the zero of #(%;) at 1.

The following result in the case of separated boundary conditions is to be
found in [12]. The proof of the general case below is essentially the same as the
proof in [12]. We include it here for completeness.

ProrosiTION 3.1. For k <n+r, #(6,) has a zero of degree o at 0 iff for all
{i, * g J1s s Je—st Satisfying (i) of (3.3), i1=0, i,=1,---,i,=a—1. A
similar result holds at 1.

Proof. Assume (%) has a zero of degree a at zero, a >0. Assume, as well,
that for all {iy, -+, i, jy, - ,jk_s} satisfying (ii) of (3.3), i{; =0, - i, =y—1,
but that there exists an {iy, - - -, i, j1, * *  , ju—s} satisfying (ii) of (3 3) for which

iy+17# 7y, 0=vy <a. Consider the matrix C =||C,[[{2} 725", where

— {qj’ i=1,”',k; j=0’1,“'a2n_1,
" s, i=k+1; j=0,1,---,2n—1.

It is easily shown, since i, =0, -+, i, =y—1forall {is, -, iuj1, " ", fi-s)
satisfying (ii) of (3.3), that C satisfies (3.3) unless k = 2n. However, if k = 2n, then
the proposition is immediate. Let #(%y.;) denote the subset of ¥ satisfying the
boundary conditions associated with the matrix C. Since P (6., satisfies (3.3),
P(@i.1) is a weak Chebyshev subspace of dimension 2/—1 on (0, 1) (recall that
n+r=k+2l). However, every S € #(%,) satisfies $’(0) = O since y < a, and thus
F(€) = P (Grr1). F(€) is a subspace of dimension 2/, and a contradiction
follows.

Now let us assume that $(%;) has a zero of degree a at 0, and for all
{in, s iy J1,* * s s} satisfying (ii) of (3.3), we have i; =0, - - -, i, =a —1, and
i,+1=a. Construct C as above with y = a. Then (ii) of (3.3) is not satisfied, and
from the analysis of Theorem 3.2 (see [5]) the determinant associated with the
conditions S € #(€i+1), S(x;)=0,i=1, - - -, 2] — 1, is singular for every choice of
{x};5" in 0, 1).

Now P(Br+1) < F(%,) and there exists an S € F(€,) for which $“(0) # 0
Thus %(%,.1) has dimension at most 2/ — 1. Since we may choose a basis {S; (x )},
for #(%,) such that S(")(O) 0,j=1,--+,21—1, $(%x+1) has dimension 2/ —1
The {S ()5 are hnearly mdependent ‘functions and thus there exist pomts
yEEE 0<y,<---<yy_;<1, such that any Se%(%.,), ie., Skx)=
Zfil a;S;(x), satlsfymg S(y;)=0,i=1,---,2l—1, implies S(x)=0. This con-
tradxcts the fact that the determinant assoaated with the conditions S € #(€+1),
S(x;)=0,i=1,---,2l—1,is singular for every choice of {x;}727". The proposition
is proven by applying the same analysis at 1.
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From Proposition 3.1, we have

CorOLLARY 3.2. Forall S€ #(6y), S(t)=0in [0, &] if and only if s = n for
allse T,and S(t)=0o0n[&, 1] forall S € #(6,) ifand only ifk —~s =nforallse T.

Now, let da/(t) be any positive measure relative to ¥(%6; ), and construct, as in
the proof of Theorem 2.1, the points {t,}i_,, 0<t; =- - - =, <1 for the subspace
F(%,). Corollary 3.2 shows that we cannot, in general, expect (€, ) to contain a
positive function. However, in the proof of Theorem 2.1, we see that we only
require the existence of a function which is positive on the set {t,~}f=1 to conclude
that da has a lower principal representation. In our next proposition we will
explore the relationship between the {£,};_; and the {£};-,.

. Let us note that from the proof of Theorem 2.1, there exists a nontrivial
S(t) € #(6i) such that

§(tl)=07 i=1a.“,l’
S®z0, =1,

and
1
j $(t) da(t)=0.
0

Therefore, since da(t) is a positive measure with respect to F(6), S (¢) <O for
some t < t;. On the basis of this observation, we have

ProposiTiON 3.2. If #(6:) has a zero of degree n at 0, then t, > &,, while if
F(€x) has a zero of degree n at 1, then t, <&,_;.

Proof. If ¥(%,) has a zero of degree n at zero, then Se€ F(%,) implies
S(t)=0, te[0, &]. Since SP(£)=0, i=0,1,---,n—2, and S|,z €ll,_,, i
S(t,) =0 for 1, = &,, then S(t) =0 for t =¢,. However, $(¢) <0 for some ¢ < t,, and
thus we conclude that ¢, >¢,. By an analogous argument we obtain the corre-
sponding result at one.

ProrosITION 3.3. If k <n+r, then there exists an S € ¥(%6,.) which is strictly
positive on an open interval containing [t,, t,).

Proof. If k =2n, then r =n +2l, and we may easily construct, by the use of
B-splines (see [2] or § 5), a spline S € #(%x) such that S(¢)>0, te (£, £). The
result then emanates from Proposition 3.2.

In what follows, we shall assume n = 3. For the case n = 2, the required spline
may be explicitly constructed.

Define, for ¢, 6 €(0, 1),

Si(t)=

J' I 1, N n+r) dy d
e o —1
Cla”'aCk’g,yla.Yb"'7yl—1’yl—1’t ! Vit

esy1<--=y—1=1

S,(t) =

[ D
o e 1
Cla"',ck‘>y1ay1a°'"yl—lyyl—l’t,l_é ! Yt

O=y1=-=y1-1=1-8
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and

S(t)=S:(t)+ S:(¢).

From (3.5), $;(¢t) =0 for t € (g, 1), while S,(t) =0 for t€ (0, 1- ).

Case 1. There exists an s € T such that s, k —s <n. Let &, § >0 be chosen
arbitrarily small. By (3.6), if s <n—1, S;(t)>0 for te(e, 1), while if s=n-1.
S1(¢) >0 for t€ (&4, 1). Similarly, if k —s <n—1, S,(¢) >0 for t € (0, 1 —8), and if
k—s=n—1, S,(t)>0for t€ (0, &). Thus it follows that S(¢) >0 for te (e, 1—6)
for all ¢, 6 positive and small. Since ¢, >0, ¢ <1, the result follows.

Case 11. ¥(%€;) has a zero of degree n at 0 or 1. Assume ¥(%€;) has a zero of
degree n at 1. Thus for s € T, k —s = n. Since we have already considered the case
k =2n, we assume k <2n, implying s=n—1. Choose ¢,6>0, ¢ small and
& 1<1-6<¢.If s<n—1, then Si(t) >0 for te (g, &), while if s =n—1, then
S1(t) >0, for te (&4, £&). However, S,(t) >0 for t€(0, &_,), and the result then
follows from Proposition 3.2.

Case I11. #(€;) has no zero of degree n at O or 1, butfor all s € T, either s = n
ork—s=n.

From Corollary 3.2, it follows that since (%) has no zero of degree n at 0 or
1, there exist s,, s, € T such that s;,=n, k —s,;<n, and s,<n, k —s,=n. Obvi-
ously, k —s,=5,.

Ifk—s,=s,<n—1,leteg, § >0bechosensmall. Since s, <n—1, S,(¢t) >0for
te(e, &), and since k—s;<n—1, S,(¢)>0 for t€ (&, 1—6). Thus S(¢) >0 for
te(e, 1-96).

Assume k —s, =5, =n—1. By the above construction, S(¢) >0 for t € (&, &,).
We shall show that ¢, > ¢; and , <&, proving the proposition.

LemMA 3.1. Assume, as above, thatk =2n—1andn,n—1€T. Thent,> ¢,
and L < gr‘

Proof. Let &' denote the subset of & satisfying S©(0)=S9(1)=0, i=
0,1,---,n—1.Since k =2n—1, & is a subset of #(%,) of dimension 2/—1 and
every S € & vanishes identically on [0, £&,]U[&, 1]. For & <e <§&,, S41(¢) <0 for
t<e and S;(¢) >0 for ¢t >¢ where S,(¢) is defined above. Thus S; € #(¥€;), and
S,(¢) #0forall t € (0, £&,]U[&, 1). Therefore the subset of #(%6;) which vanishes at
some point x € (0, £&;]U[£, 1) has dimension 2/ — 1. However, since this subset still
contains &', it must equal 9’ Let$ (t) be as constructed in Theorem 2.1. If t; = ¢4,
then by the above analysis, § e # and thus §(£)=0 for t =¢,. This contradicts the
properties of $ and therefore t, > ¢,. Similarly, , <¢,. The lemma is proven.

We are now ready to prove

THEOREM 3.3. Assume n+r=k+2l and da(t) is a positive measure with .
respect to the weak Chebyshev subspace ¥(%6.) of dimension 21. Then da(t) has a
lower principal representation.

Proof. The proof of Theorem 3.3 follows Theorem 2.1 and Proposition 3.3.

Remark 3.2. If there exists an s € T such that min {s, k —s}=r, then from
Corollary 3.1, #(%;) is a Chebyshev subspace on (0, 1). The existence and
uniqueness of the lower principal representation for (%) is immediate in this
case.
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We may now prove Theorem 3.1.
Proof of Theorem 3.1. From Theorem 3.3, there exists a quadrature formula

of the form
1 !

6.8 | #yde= 3 afw)
0 i=1

whichisexactfor all S € #(6,), where A; >0,i=1,---,land0<f; < - - < <1.
From (2.10) and the subsequent analysis, any S € ¥ may be expressed in the
form

N k
sw=a"(50- 5 4G9,
j=1

where d #0 and S e #(%,). Substituting this relation with f=S into (3.8), we
obtain (3.4). The theorem is proven.

If the boundary conditions under consideration are separated (see Example
3.5), then the quadrature formula (3.8) and (3.4) are unique. The proof of this fact
is based upon Corollary 2.2 and the following proposition.

ProPOSITION 3.4. Assume n+r=p+q+2l, and that the boundary condi-
tions (3.1) are separated and satisfy (3.7). If fe C"[0,1] and C(f)=0, i=
1,--+,p+q=k,thenfe[K], where [K] is the smallest linear subspace containing
K, the convexity cone generated by ¥ (%6).

Proof. Any fe C"[0, 1]may be written as f = f; — f,, where f}")(t)(—l)i =0for
te(fi—l’ fi)’ i= 17 Y r+ 1, ]= 1’ 27 and ﬁ € Cn_l[oa 1]’ f;’e Cn(gi-—b gi)’ i=
1,---,r+1. Let g,(t)=f1(t)+S(), where Se€%, such that Ci(g,)=0, i=
1,:--,k.Since Ci(f)=0,i=1,:---,p+gq,and f=(f1+S)—(f,+S), we conclude
that Ci(f,+S)=0,i=1, -, k. Let g,(t) =f,(t) + S(t).

We shall prove that for any function g(¢) which has the form

(3.9) g()=8@+

(n _1 ! L (t—x)7"'g"(x) dx,

where S € &, and which satisfies g"(£)(—1)' =0, te (&-1, &),i=1,- - -, r+1,and
C(g)=0,i=1,---,k, then either g or —g lie in K. By Taylor’s theorem, both

g1(¢) and g,(¢) are of the requisite form. From the properties of g(), (3.9) may be
rewritten in the form

8(0)=50)+ 'Y 4

&
[" g ax
&i—1
Let t,4,+1(t) = (t—£€)7"". An application of Theorem 3.2 and (3.7) yields

(3.10) U(l’ ”””)(—1)"0;0,

C19'.'1Ckax1,..',x21+l
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for ée(é-1,&),i=1, -+, r+1, where o =+1 or —1, fixed. Now from (3.9),

Cl.(ul) Cl.(uw) Cl.(g)

Ck‘(ul) Ck.(un+r) Ck.(g)

ulfxl) un.+,(x1) g({cl)

uy(x2141) Unsr(X2141)  8(X2u41)

Bl e e

From (3.10) it follows that the above determinant is nonnegative (or nonpositive)
for all 0<x;=---=xy4,,<1. Thus by (2.11), g (or —g) is in K. Since, by
assumption Ci(g)=0, i=1,- -, k, it follows that g =g, and the proposition is
proven.

Thus we have also proven

TueoOREM 3.4. For separated boundary conditions which satisfy (3.7), the
quadrature formula (3.4) is unique.

Remark 3.3. In the case of separated boundary conditions, it follows from
Corollary 2.3 and Theorem 3.2 that

§2i+p—n < <§2i—1+p» i=1,--, l,

where the {t,};_, are the nodes ofthe unique quadrature formula (3.4).

Remark 3.4. The analysis of this section also holds for spline functions with
knots of multiplicity at most n — 2 and for Chebyshevian spline functions (see [3]
and [6]).

4. Monosplines satisfying boundary conditions. In this section, we shall
study the Peano kernel of the quadrature formula of Theorem 3.1 and state our
version of the fundamental theorem of algebra for monosplines.

A monospline of degree n with [ knots {x,-}le, O<x;<:--<x<1,is a
function of the form

n n-1 3 !
4.1) M(x)=jc—1—’+ Y ax'+ Y bi(x—x)"
ti=0 i=1

LetG(f),i=1,- - -, k, be boundary conditions of the form (3.1) such that the
k X 2n matrix C satisfies (3.3). Let

“2) 0(N= £ aG(f)+ £ Afiw),

be the quadrature formula constructed in Theorem 3.1, i.e., Ll) f(x) dx = Q(f) for
all fe &. Recall that n+r =k + 2l Every f € C"[0, 1] has the representation

1
(n—1)

F0="3 o0+ j (t=x)37'f(x) dx.
i=0 2 0
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Define R(f) =j; f(x) dx — Q(f). Then for fe C"[0, 1],
R()= | R(@=005 )70

This, of course, is the Peano representation of the remainder R(f). We define

(*l)n n—1y _
mRt((t —x)i ) =M*(x),

and note that M*(x) is a monospline of degree n with the I knots {#;};_,. Thus for
all fe C"[0, 1],

@y | war= £ G+ $ a1 | M d

Since R,((t—&)7 ") =0, we conclude that M*(£&)=0,i=1,--,r.
Let M(x) be any monospline of the form (4.1), and fe C"[0, 1]. Then
integration by parts yields

1 n—1
I fo)de= 3 1M 0)
0 i=
(44) +ni1 (_1)if(i)(1)M(n~1—i)(1)
i=0
1
3 - D)+ (1) | M@ d.
i=1 o

Thus from (4.3) and (4.4) we obtain
LEMMA 4.1. The monospline M*(x) defined above satisfies

if aG(f)= f (1) FO0)(M*) ™ (0)
(4.5) =t '—0_1
2 (=DFOM)M*™0(1),

for all fe C"[0, 1].
Since the k X 2n matrix C has rank k, we may construct a 2n X 2n nonsingular

matrix whose first k rows agree with C. We shall also denote this enlarged matrix
by C. Define D =(C")", and let

g: ((_1)n+r+1g(0)’ (_1)n+r+2g/(0)’ Y (_l)rg(n—l)(o)’ g(n_l)(l)a Y g(l))
and

g =(=D""g"(0),- -+, (=1)""g(0), (—1)""'g(1), (—1)"?g'(1),- - -, g"V(1)).

Thus (f, M) (the inner product of the vectors f and M) represents the right-hand
side of (4.5), and (Cf); = CGi(f), i=1,- -, k.
LeMMA 4.2. For M*(x) as above,

(DM*), =0, i=k+1,--+,2n.
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Proof. The proof follows from Lemma 4.1 and the equation
— A — A 2" — A
(£, M*) = (Ct, DM¥) = ¥, (CH):(DM)..
i=1

THEOREM 4.1. If n+r=k+2land D =(C")™", where the matrix composed
of the first k rows of C satisfies (3.3), then given {&}i-1, 0< & <+ - <& <1, there
exists a monospline M(x) of degree n with | knots such that

M(f,)=0, i=17”',r1
(DM), =0, i=k+1,+,2n,

Furthermore, the knots of the monospline M(x) are the nodes of the quadrature
formula (3.4), and M(x) is unique if and only if the corresponding quadrature
formula is unique.

Proof. From the above analysis, every quadrature formula of the form (3.4)
gives rise to a monospline M(x) satisfying (4.6).

If M(x) satisfies (4.6), then (4.5) holds for fe &. Let

4.6)

0%N= £ aG(f)~ ¥ (=11 fx)
and

R%ﬂ=Lﬂwme%ﬁ

From (4.4), R°(f)=0for fe{l,t,---,¢" '}, and since RY((t —x)7~") = M(x), the
theorem is proven.

The following two theorems represent a partial converse to Theorem 4.1. To
prove these theorems, we demand an additional assumption on the k X2n matrix
C (see Remark 3.1).

4.7) Assume the k X 2n matrix C satisfies (3.3) and all nonzero k X k minors
’ of C are of one sign.

THeEOREM 4.2. If D is as above, where C satisfies (4.7), and if M(x) is a
monospline of degree n with [ knots for which (DM), =0, i=k+1,-+,2n, then
M(x) has at most r+ 1 distinct zeros in (0, 1).

Proof. Assume M(x) has r+ 2 distinct zeros {&}; 27 in (0, 1). Then there exists
a quadrature formula

| rwa= £ ccn+ £ asw,

which is exact for fe F*={1,¢, -+, """, (t—&)7 ", -+, (t—&42)7 '} The k %
2n matrix C satisfies (3.3) with respect to n, k, 2/ and r. Since r and r +2 are of the
same parity and C satisfies (4.7), it follows that #*(€,) is a weak Chebyshev
subspace of dimension 2/ +2, and

[ r0a= £ asw,

for all f € (%, ). This is impossible since we may construct, by smoothing (see
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Theorem 2.1), a nonnegative nontrivial S € *(%,) which vanishes at the nodes
{t:}:~ . The theorem is proven.

THEOREM 4.3. Under the assumptions of Theorem 4.2, if the boundary
conditions represented by C are separated, then M(x) has at most r distinct zeros in
(0, 1).

Proof. The proof is the same as that of Theorem 4.2, where we use (3.7) and
note that for separated boundary conditions, the parity of r plays no role. Thus the
addition of one more knot to (%) gives rise to a weak Chebyshev subspace of
dimension 2/ +1.

Remark 4.1. The bound given in Theorem 4.2 is sharp as the following
example indicates. Consider the case n =2 and r = 1 with the knot ¢ =3. Let | = 1
and k =1, with the boundary condition S$(0)+S(1) = 0 which satisfies (4.7). The
quadrature formula

' _1 241
| o ai=to+san+34(3).
holds for fe{1, t, (t—3)}} and f(¢) = (t—3)}. The associated monospline

2 1
M(x) =f__f__g(x_l> ,
2/,
satisfies M(0) = M(1) = M'(0)+M'(1) =0, and M(3) =M(3)=0.

Remark 4.2. As previously commented upon in Remark 3.4, Theorem 3.1
extends to spline functions with knots of multiplicity =n —2. Thus Theorems
4.1-4.3 extend to the case of multiple zeros of order at most n —2 for M (x)

Let 9,,_, denote the set of boundary conditions (DM), 0, i=
k+1,---,2n, where D=(C")™", and the first k rows of C satisfy (3.3). Our
present goal is to present a more workable definition of &,,, ;. To this end, define

n—1 . n—1 .
(4.8) Gi(f)= > Eijf(])(0)+ > Ejf(j)(l), i=1,---,2n-k,
) j=0 j=0
and let G =||G,|P27*725", where
E;(-1y*™*' i=1,---,2n—k;j=0,1,---,n—1,
4.9) Gij = { !

Fion-j-1, i= ,2n—k;j= ,2n—1.

Let 9,,_« denote the set of boundary conditions G,»(M) =0,i=1,---,2n—k,
where G satisfies (3.3) with m =r; i.e.,

(i) max{0,n—r}=2n—k =2n,

(ii) there exist {iy,"**,igj1," ", Jon-k—st 10,1, -+, 2n—1}, satisfying
M, +r=v,v=r+1,--- n,and

(4.10) G(%’ o .2”_");&0,
I, " s ls J1o " " " s J2n—k-s
(lll) for a” {ila Ty isa jl, ttt aj2n—k—s} satisfying (ll),
]
U sl J1s " " " s J2n—k-s

is of one sign.
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Then we have
PRrROPOSITION 4.1. Dy i = Gop—i-
Proof.

DV, =T DM DO)Y=1" 4T Dyjun(=1)" 7 M(1)
j=0 2o
= "i; Di,n—j—-](—1)'+j+1[M(j)(0)(—1)”+f+1]
j=

+2

n—1 . .
Donj1 (-1 [M"70(D)], i=k+1,---,2n.
j=0
Let
H {Di+k,n—j—1(-1),+j+1a i=1,' * "2n_k;j=07 1" * 'an—l’
U A Dikanga ()", =1, 2n—k;j=n,- -, 2n—1.

Then Proposition 4.1 is valid if we can prove that H = ||H|[?27* 7257 satisfies (4.10)
if and only if C satisfies (3.3).

Let {i,.}m-1 denote the complementary set of indices to {n —i,, —1},-; in
{0,1,---,n—1}, and {j,}5.[" denote the complementary set of indices to
Br—j.— 1}t in{n,--+,2n-1}.

The following two lemmas prove Proposition 4.1.

LeMMA 4.3. With the above definitions,

H(l’ s, 2n_k)_c(1’ e k)
. PR . - . .y .7 . .
ly, " ,ls’]b T ’]2n—k—s 2 T ,ln—-s’ll, e ’]k+s—n

Proof.

[1’ e 2n—k>
ila e aisaila e -)j2n—k——s

k+1 2n
=D( ’ ’ )_1 £
n—il—l,---,’n—is—1,3n—j1—1,--',3n—j2n,k_s-1( )
k+1 2n
=D< 1) ’ )_1 &,te,
n*is—l,"',n~i1—1,3n—j2n_k_s—1,'°',3n—j1—1 ( )
=C(1,,’ Lo . k)(—l)”‘“’”%
U1, s ln—sJ15 " " " 5 Jk+s—n
where
s 2n—k—s
e1=r+Ds+n@n—k—=5)+ Y in+ X Jjm
m=1 m=1
_s(s—1)+(2n—k—s)(2n—k~s—-1)
€y = ) ) >
and

2n—k—s

_2nCnt D) KEXD -1+ Grn-D@n—k=9)= % in= 5 im

&3 2 2
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Utilizing the fact that n +r —k = 21, it follows that (—1)°*"*2**2=1, The lemma is
proven.

LEMMA 4.4 {il, ) is’jl’ e ’j2n—k—s} satisﬁes Mv—-] +T§V, v=
r+1,---,n, if and only if {i1, -, i, 1" ", k+s—nt Satisfies M, |+21=v,
v=2l+1,--- n

Proof. Due to the symmetry of the analysis we prove only one direction.
Assume {iy, """, i, ]1," " ", Jan—k—s} i such that M, +r=pu for some u=
r,--+,n—1. Note that since M,_1=2n—k, and 2n—k+r=n+2/=Zn, u <
n—1. Let i, 2n—jg—1=u<i,, 2n—jsg_1—1. Thus M, +r=
y+Q@n—k—s—B+1)+r=p, ie., y—s—B+1+n+2/—u=0. Now n—i,—1,
jg—n=n—p—1>n—i,;—1, jz_;—n, and therefore

.y 1 o .y .
ln—p—s+y» 2n—1 ]B+k+s—2n+p,> n—pu 2z Lp—p—~s+y—15 2n—1 —];3+k+s—2n+p.+1a
] cr ] ]
and for {lla PN Yy A U a]k+s—n},

M,_, +2l=2l+(n—p—s+y—-1+(n—B—w)
=(y-s—B+1+n+2l-p)+(n—p-2)=n—-u-2,

since y—§s—B+1+n+2/—u =0. The lemma is proven.

Utilizing Proposition 4.1, Theorems 4.1-4.3 may be restated in terms of the
boundary conditions (4.8), where G satisfies (4.10).

Remark 4.3. Note that from the proof of Proposition 4.1, it is easily seen that
the boundary forms (4.8) are separated if and only if the corresponding boundary
forms (3.1) are also separated. Thus Theorem 4.1 in conjunction with Proposition
4.1 extends the results in [3].

5. An example and a further application of moment theory. In this section
we discuss an interesting example of Theorem 4.1, as well as present another
application of Theorem 2.1.

We begin by recalling that the nth Bernoulli polynomial, B, (x), is determined
by the relations

By(x)=1, Bl(x)=nB,_i(x), n=1,2,---,
(5.1 B,(x)=(-1)"B,(1—x)
B,(0)=0, n=3,5---.

The periodic extension of period one of the Bernoulli polynomial which we
denote by B, is, according to (5.1), a monospline of degree n with knots at the
integers. B, (x) is the Peano kernel for the Euler-Maclaurin quadrature formula

| 700 ax =350+ 10+- V=13 )

(5.2) vy B0

0<2v=n (2 V)'

(f27P(0)=f*"P(N)

ST o) e
n! J
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When n is even, n = 2m, we may rewrite (5.2) in the form

N
| 7600 a5 =3 50450+ g =) 100

(5.3) 1+ B2l v gy _ g,

v=1 (21/)!
1
2m)!

where M(x) = B,,,(x)— B>,,(0). M has a double zero at every integer. Further-
more, it satisfies the boundary conditions

MEm=1-0q) = MC@m1=D(N) =, i£{0,1,3,-++,2m -3},

which are adjoint to the boundary terms appearing in (5.3). Thus we see that the
Euler-Maclaurin quadrature formula (5.3) is exact for all spline functions of
degree 2m — 1 with double knots at 1, 2, - - - , N—1. Thus it is of double precision.
In the notation of Thorem 4.1, n =2m,[=N—-1, k=2m and r=2(N—1).

Similarly, the odd degree Bernoulli monospline M(x)=B,,,_,(x) is the
Peano kernel of the (odd degree) Euler-Maclaurin quadrature formula

[" Moo ax,
0

| s dx =3 @0+ N+ )

"1 By, (0) - yov—1) _ p@v-1)
(5.4 + 8 20~ N)]
_ 1 N (2m—1
_—(2m 1 L M(x)f®™ V(x) dx.

In this case, M has asimple zero at each integer and half integer. Also, M satisfies
Me"E0) =M PO(N) =0,  ig{0,1,3, -, 2m—3}.

Thus (5.4) is of double precision and corresponds to Theorem 4.1 withn =2m —1,
I=N-1,k=2mand r=2N—-1.

The following theorem was suggested to us by A. A. Melkman who indicated
a method of proof similar to that used in [6].

THEOREM 5.1. Letdatay, -+, Yni2,+1 And points x, <x, <+ * <X, 12,41 be
given. Suppose that the divided differences [y;, - * - , yi+n] of the data over the points

Xyt Xiwmp i =1, + -+, 2r + 1, strictly alternates in sign and n = 2. Then there exists
a monospline M(x) of degree n with r knots and a nonzero constant X such that

M(x;) = Ay, i=1,--,n+2r+1.

Furthermore, if 2r = n, then M(x) is unique.
Proof. Assume without loss of generality that x; =0 and x,,,,,,,;=1. Con-
sider the space ¥, of spline functions of the form

2r+1

S(t) = Z CiB(xb s Xikns t)y
i=1
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where Y22 iy, Vienl=0,and B(x;, « -+, X;4; ) is (the B-spline) defined to
be the nth divided difference of (x — )7 " atx =x;, « * * , X;+n. It is well known that
any subset of B-splines form a weak Chebyshev system (cf. [2]). Since the divided
difference of the data strictly alternates, we conclude that & is a weak Chebyshev
subspace of dimension 2r. To prove this fact, let us set B(x;, * - * , X;4n; £) = u;(2),
i=1,---,2r+1,and [y, *, yizn]=2z,i=1,+ -+, 2r+1, and consider the func-
tions v;(t) = u; (t) — (zi/ z2r41)U2,+1(8), i =1, - - -, 2r. Note that

uy(ty) e ug(ty) 21
, 1,---, 2,) . ) .
2r+1 =
§ ty,tn e, 1,
Upra(t1)  * o0 Uza(ts)  Zorsn
=2r2+1(_1)i+2r+12i 1,“',i_1,l'+1,"',2"+1)‘
i=1 51 Ty, 12,
Now

U(l,-'-,i—l,i+1,'-~,2r+l>
=0,

t1, Ty, b,

and z;(-1)'c >0, o® =1, fixed. Thus {v;(¢)}i-, is a weak Chebyshev system of
dimension 2r on (0, 1) which spans the set %,.

Since z;(—1)o>0,i=1,---,2r+1, we may always find positive numbers
¢S, o+, copsuch that Yoot ¢0z, =7 ¢y, - - -, yi4n]=0. Thus the function
S@t)= Z,.z:;l c{B(X;, -+, Xi1n; t) is strictly positive on (0, 1), and from Theorem
2.1, there exist points 0< ¢, <---<¢& <1,and w; >0,i=1,- - -, r, such that

(5.5) | roa= 5 wse,

for all f € ¥,. It easily follows that there is a constant A for which
1 r
L B(x;,+++, Xjuns t) dt = ;1 wB O, - X E)FALY 0 s Yiends
forj=1,---,2r+1.
Let
n—1 . 1 r
M) ="E ax'+ [ e § et

j=0 0 i=1

where ag, a1, * *, a,—; are chosen so that M(x;)=Ay;, j=1,- -, n. Now
1

M(xj ”"xj+n)=J B(xj"”,xj-kn;t)dt_z ’JviB(xj,”.’ j+n;§i)
0 i=1

i=

=A[y]',“',yj+n]9 j=1,“’,2r+1.
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Since M(x;)=Ay;, j=1,---,n, it then follows that M(x;)=Ay, j=
1,:-+,n+2r+1.Note thatif A =0, then M(x) has n +2r + 1 zeros, an impossibil-
ity (Theorem 4.3). Thus A # 0 and M(x) is the desired monospline.

In[11], it is proven that the functions 1, ¢, - - -, t"~" are each contained in the
smallest linear subspace containing the convexity cone generated by ¥,. Since
uniqueness of the monospline M(x) is equivalent to the uniqueness of the
quadrature formula (5.5), we conclude from Corollary 2.2 that M is unique when
2r =n. This completes the proof of the theorem.

Remark 5.1. In the statement of Theorem 5.1, we assumed z;(—1)'o >0,
i=1,---,2r+1.Thiswasdone to insure that %, is a weak Chebyshev subspace of
dimension 2r which contains a positive function. In order that &, be a weak
Chebyshev subspace of dimension 2r, it is sufficient that z,(—1)'o=0, i=
1,-++,2r+1, and at least one of the z; is nonzero. Assuming that this is the case
and if the sets {i: z; >0} and {i: z; <0} are both nonempty, then we may construct,
as in the proof of Theorem 5.1, an element of &, which is strictly positive on (0, 1).
If one of the above two sets is empty, but the other does not contain either 1 or
2r+1, and if n =3, then we may still construct a positive function in &%,. These
conditions suffice for Theorem 5.1 to hold.

In particular, if we choose y; =8; .42, i =1, -, n+2r+1, we obtain

COROLLARY 5.1. Given any points s, <- + * <S8, 12,, there exists a monospline
M(x) of degree n with r knots such that

M(s;))=0, i=1,---,n+2r.

This is the fundamental theorem of algebra for monosplines as it appears in
[6] and [13]. This result is also a special case of Theorem 4.1 with k =2n. The
uniqueness as well as the converse, i.e., M(x) has no more than n + 2r zeros, are
also results of Theorems 4.1 and 4.3.
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