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ABSTRACT

This paper is concerned with a collection of ideas and problems in approximation
theory which lead to some solved and unsolved problems in matrix theory. As an
example, consider the problem of approximating the identity matrix by matrices of
fixed rank where the norm is taken to be the maximum of the absolute value of the
elements of the matrix. This problem is unsolved.

1. INTRODUCTION

Some of the easy-to-state and yet difficult problems of approximation
theory are concerned with matrices. This paper is intended as a review of a
collection of ideas and problems which arise in approximation theory and
which lead to some interesting solved and unsolved problems in matrix
theory.

We start with the statement of the problems from an approximation
theorist’s viewpoint. The linear algebraist is encouraged to bear with us, as
we shall shortly specialize the problems concerned.

One of the central problems of approximation theory and the one around
which this paper turns is the question of the extent to which a given class of
functions may be approximated by n-dimensional subspaces. This idea was
introduced and formalized by Koelmogorov [11] in 1936, when he defined the
concept of n-widths. Specifically, let X be a normed linear space and % a
subset of X. The n-width of % with respect to X, in the sense of Kolmogorov,
is defined as

d,(A;X) = inf sup inf ||x — y|x.
X, xEA yeX,
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In other words, we first measure the distance of X, to a given x €%, then
determine the distance of X, to ¥ in terms of the supremum of the distance
of X, to each x €Y, and finally attempt to minimize the above quantity by
taking the infimum over all n-dimensional subspaces X, of X. If there exists
an n-dimensional subspace X* for which d,(%, X) is attained, i.e.,

d,(%;X) = sup inf [lx—y|x,
€A yeXT

then X¥ is said to be optimal.

We wish of course to determine the value d, and find optimal subspaces.
This problem is in general intractable. We must specialize to some extent if
we expect to obtain any concrete results.

A customary choice of the subset A of X is

A = {Ax:|x]ly <1},

where A is some compact linear map of Y into X, and Y is also a normed
linear space. While this problem is solvable for certain choices of X, Y, and
A, much yet remains to be done; see e.g. Tichomirov [28] and Micchelli and
Pinkus [16].

Let us further specialize by assuming that A is a real m X k matrix and X
and Y are R™ and R*, respectively, equipped with one of the [, norms,
1< p < o0, but not necessarily the same [, norm for both X and Y. Thus we
are interested in

d,(A;l51™)= min max min ||Ax—y],.
(4:5507) X, lxll,<1 yEX, lq

(In this case the sup and inf are attained and are therefore replaced by max
and min.) Again this is too difficult a general problem. The only case in
which at present a solution is always obtainable is when p=¢=2. In this
case d,(A;I5; ") is the n+ 1st singular value of A.

Tueorem 1.1. Let A be a real mXk matrix. Let A, > --- >\, >0
denote the m eigenvalues of the positive semidefinite matrix AA™, and let
x',...,x™ denote a corresponding set of orthonormal eigenvectors. Then

1/2
daitpig) = | M
0, n>m.
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Furthermore if n <m, then an optimal subspace for d, is span>x',...,x"}.

Proof. It is a standard duality result (essentially Holder’s inequality and
equality therein) that
i - = ’A 3
min [|Ax—yll,= max (2,Ax)

llzllg <1
where 1/g+1/¢'=1 and zL X, means that (z,y)=0 for all y € X,. Thus

d (A;I5 ™) = min max min ||[Ax— y||
Al ) o ek, 2y 1A=yl

=min max max (z,Ax)
X llxlle<1 21X,
llzllz<1

= min max max (A'zx)
X, z1lX, (xll<1
lzllz<1

= min max [A%|,
X, zlX,

Nzl <1
. (A%,ATz) |V/?
= min max
X, zLlX, %,%)

That the last expression is the n+ 1st eigenvalue of AA T is the content of the
Courant-Fischer min-max theorem. The theorem follows. [ ]

The space IJ* is of course special. It is a Hilbert space, and among other
properties of a Hilbert space, one of the characterizing properties is that the
best approximation operator is a linear (projection) operator. On this basis, it
is easily seen that

d(A; 15 1) = mi Ax— Px||,,
h(Ailsl)= min - max || Ax— Pal,

where the minimum is taken over all m X k real matrices P whose rank is at
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most n. In this form the results of the above Theorem 1.1 are known, since
the theorem then simply says that the singular value decomposition provides
a best rank n approximation to a given matrix in the induced (I5,13") norm;
see e.g. Gohberg and Krein [4, p. 28]. This same rank n matrix is optimal if
we use the matrix (Frobenius) norm [|A|,=[ZT. 12',; 1|a,.,.|2]]/ % in place of
the above induced operator norm. This result, which seems to be due to
Eckart and Young [3], is just a matrix version of the corresponding result
proven for integral operators by E. Schmidt [19].

The n-width, in the sense of Kolmogorov, is only the first in a series of
n-widths which have been introduced over the past forty years. In the course
of this article only four n-widths will be discussed. The reader who wishes to
pursue these matters is referred to Tichomirov [28], Pietsch [18], and the
references therein. One of the more interesting and important of these
n-widths is what we shall here call the linear n-width. (It is sometimes
referred to, especially by those in Banach space theory, as the approximation
number.) We define it by

8 (A;1%51™) = min max ||Ax— Px
"( TP rankP<n Hpr<l|l g

where, as above, the minimum is taken over all m X k matrices of rank at
most n. Since §, is a measure of the best linear approximation from an
n-dimensional subspace (the range of P), it is obvious that d, <§,. (A
nonobvious result is that §, <CVn d, for some constant C, independent of
n; see e.g. Ha [5], Hutton, Morrell, and Retherford [6], or Pietsch [18].) One
is also interested in knowing if d, = §,,, i.e., if linear methods suffice.

As was previously mentioned, only for the case p=¢g=2 is there a
complete solution. One other known case, which will not be dealt with in
this paper (its proof may be found in Micchelli ‘and Pinkus [14]), is where
p=q=oc0 and A is a totally positive (T.P.) matrix. A matrix is T.P. if all its
minors are nonnegative. In this case the n-widths d, and 6, are equal, and
furthermore, there exist n column vectors of the matrix A whose span is an
optimal subspace for d,. This result is very much connected with the T.P.
property of the matrix. If A is T.P. and p=q=1, then d, and §, are also
equal and known. The statement of this result is slightly more complicated;
see Micchelli and Pinkus [15].

In general, there is very little else which may be said concerning
n-widths of arbitrary matrices. Of course, the 0-width is easily obtained as

i . 1 Ax]
8o(As 55 ") = do(AsE5 ) = max E
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While the above result is trivial, there is a correspondingly simple statement
for the (k —1)-width whose proof is not trivial, namely

llell

S 1(As I Im) = d_y(As L5 1) = min TR

We shall not prove this result here. Its proof may be found in Brown [2] and
Micchelli and Pinkus [17]. For the particular cases dealt with here, the result
will be reproven.

In this paper we discuss the situation wherein A is a diagonal matrix.
Since the matrix A is henceforth taken to be diagonal, we refer to A as D
and without loss of generality, assume that D is an m X m diagonal matrix
with diagonal entries (D,,...,D,), and D, >D,>--- >D,>0. It is
sufficient, by the symmetry of the ], norm, to consider only diagonal matrices
of the above form.

What is initially surprising is that the n-widths d,(D;[% L") and
8,(D; 1", ") are unknown for many p,q €[1, c0]. As an example of a seem-
ingly simple problem which is unsolved, let D=1, p=1, and g=o0. It is an
easy matter to check that

dy (LI 15)=8,(L1 1) = min max Isij_pij”

rankP<n i,j=1,...,

where 8, are the elements of I and P=(p;);";_,. Except for the cases n=1
and n=m — 1, the above quantities are not known. What is also interesting is
that this problem has a different solution if P € R,i,j=1,...,mor if the p,.,.’s
are permitted to be in C. This latter result is rather surprising, since in the
cases where d, and §, are known, there is no difference in the result if we
consider C™ rather than R™. This example is discussed in some detail in Sec.
5.

Before discussing the organization of the paper, let us note various topics
which have not been included in this work. Firstly, we have not considered
this subject from the point of view of Banach space theory, nor have we
discussed the case where D is an infinite diagonal matrix. Results of these
types may be found in Ha [5], Hutton, Morrell, and Retherford [6], Pietsch
[18], and Sofman [21]. Secondly, we have limited ourselves to a consideration
of a very few of the n-width concepts, and in particular, to the more analytic
ones. Results have been obtained concerning the Aleksandrov and Urysohn
n-widths of finite diagonal matrices. These n-widths are more geometric and
topological in nature, and it was felt that a discussion of these quantities was
best deferred. The interested reader is here referred to Stesin [24, 25] and
Tichomirov [28].
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The organization of this paper runs as follows. Section 2 is concerned
with the introduction of the two remaining n-widths, namely the n-widths in
the sense of Gel'fand (g,) and of Bernstein (b,), and the relations among
the four n-widths. In Sec. 3, we consider the n-widths d,, §,, and g, for
p #q, show that they are all equal, obtain their common value, and identify
an optimal subspace which here is simply the span of the first n columns of
D. In Sec. 4 we discuss the case p<q. Only for p=1, ¢=2 is d, known
explicitly for all n. Section 5 is concerned with a further consideration of the
n-widths when D = I, the identity matrix. In particular, we return to the case
p=1, g= o0 and obtain some lower and upper bounds on d, (I I]";I7).

2. PRELIMINARIES

Let D=diag (D,,...,D,) denote the real m X m diagonal matrix with
diagonal entries D), D,,...,D,, where D;>D, > --- >D, >0. As usual, for
xER™ we set

.....

This section deals with the relationships between the various n-widths.
An attempt has been made to properly reference, where possible, the results
of this section. Originally these results were of a general nature. They have
here been specialized to our particular situation.

Before introducing the additional n-widths, let us note that §, possesses
the following simple duality property.

Lemma 2.1 (Ismagilov [8]; Hutton, Morrell, and Retherford [6]). For
p.q €[1, 00],
Sn(D; l;";ll;") = 8,,(D;l;’;l;'),

where

+

+ 1o
q

Q-

1
pl

TS |



MATRICES AND n-WIDTHS 251
Proof. Since D=D T

DI™1™) = mi D-P
8.(D; L) ,Jﬁinﬁﬁfﬂ( )xll,

= in  max ax ((D—P)x,
ranril}’<n||xllp<lfl;fflq/<l(( ) y)

= mi .(D~PT
min | max | max (x(D—P7)y)

= qnin max D—-P .
rankP<n | yll, <1 I )y””

= 8n(D; l;'; p'f'). [ |

In Sec. 5, we shall give an example which shows that d, does not exhibit
the above duality property, i.e., there exist p,q €[1, 0] and diagonal D for
which d,(D; [ 1) #d,,(D; 17 17). The duality relationship which does how-
ever exist is the motivation for this next definition.

In the literature of n-widths, one additional n-width concept is invariably
mentioned, and this is the n-width in the sense of Gel’fand. It is defined as
follows.

Let X be a normed linear space and ¥ a subset of X. The n-width in the
sense of Gel'fand is given by

& (W X) =inf sup lx|lx,

L™ xe¥9NnL"

where the infimum is taken over all subspaces L" of X of codimension at
most n. In the particular case studied in this paper it may be shown that

&(Difs L") = min max || Dz,

llxll, <1

where X, is any n-dimensional subspace of R™, and x.l X, means that
(x,y)=0 for all y € X,,. As indicated above, the following result is valid.

Lemma 2.2 (Ioffe and Tichomirov [7]). For p,q €[1, 0]

d"(D; l,:"; lqm) = g"(D; l;f'; l,:f‘)
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where

1 1
+—== +—,=1.
4 q

3 |~
Q |~

Proof. The proof is based on the duality statement

min |jx — = max (z,x
nin [jx =yl ux"( )

l2llq <1
as well as on the fact that D is symmetric:

d {D;L"; ™) = min max min ||Dx—
(D:E747) X, |\x||,,<1yexn” yllq

=min max max (z,Dx)
X lxllp<1 21X,
llzllg <1

= min max max (Dz,x)
X, zLiX, lll,<1
Hzllg <1

min max ||Dz||,
X, zlX,

izl <1

(D175 1Y), n

It is often the case that n-widths are evaluated by obtaining upper and
lower bounds which are the same. Upper bounds are obtained by determin-
ing the distance of the class from a judiciously chosen subspace. Lower
bounds are not so easy to come by. Various techniques have been developed
to deal with this problem. One such method is the evaluation of a lower
bound known as the n-width in the sense of Bernstein, denoted by b,, which
is defined for diagonal matrices by

bn(D;l,:";l,;") = max min |Dx
w1 Ixllp,=1

*E€X, 4,

“q’

where X.,, is any (n+1)-dimensional subspace of R™. Note that we
maximize over such subspaces. The Bernstein n-width has the obvious

property that b, (L;[)*;1") =1 for any p €[1, 0] and any n=0,1,...,m—1.
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A natural ordering among the various n-widths is contained in the
following proposition.

ProposrTION 2.1.  For p,q €[1, 0]

Gn(D;l,:";lq'") > dﬂ(D;l;”;l‘;"),gn(D;l;";l;") > b"(D;lr:";l;').

Proof. The proof of the fact that §,(D; ;1) >d,(D; [ 1) is a direct
result of the definitions of 8, and d,. The proof of §,(D; [ I7") > g,(D; L™ 1)
follows from the above result and Lemmas 2.1 and 2.2. It may also be proven
directly.

Let X, , be any (n+ 1)-dimensional (not n-dimensional) subspace of R™.
Then

&(D: 1) = min max || Dzl

P >lq
lI=ll, <1
> min max || Dx|l 4
X, xlX,, x€X,4,
lxllp <1

Since X, and X,, ., are of dimension n and n + 1, respectively, there exists an
x€X, 1, x70, for which x L X,,. Thus,

D;I™;1I™) > min min ||Dx
& (D7) > min min ||Dx
xE€Xn4

q

= min_||Dxll,,

llxlfp =1
XEX, 41

Since this is true for any (n + 1)-dimensional subspace, we have g,(D; 1" [)")
>b,(D; L 1)
Now,

D;I"™I™) = min max min ||Dx—
&(Ds 5 E7) = min, max min || Dx =y,

2> min max min |[Dx—yl,
Xo xll,<1 yEX,
*EX, 41

for any given (n+1)-dimensional subspace X, ., We shall use the fact,
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which will be proven below, that there exists an x€ X, ,, x+0, for which
the best approximation to Dx from X, in [" is the zero vector, ie.,

yﬂélg"IIDx— yllg = I Dxll 4-

On the assumption that this result is correct,

d, (D,l,:",lq ) > mxl,,n Irlrlun | Dx|l

E1=D S

= IIDxII
||x|| T
xEX,H.l

Since this is valid for any X, , ,, we have d,(D; %, [T") > b,(D; L™, 1)

The crux of the proof of the lemma is contained in the fact which we
shall now prove and which is due to Krein, Krasnosel’ski, and Milman [12].
Let us assume for the moment that g €(1, o). Then the best approximation
to each Dx from X, in I is unique. Let I'x € X, denote the element of best
approximation to Dx in l(;", ie.,

ylglgﬂlle— yllg = |Dx — x|

It follows from the uniqueness that I'x is a continuous function of x.
Furthermore, I' is odd, i.e., I'(—x) = —'x. Restricting the map I" to X, ;N
{x:||x]],=1}, we have a continuous odd map from the surface of an
(n+ 1)-sphere into an n-dimensional space. Thus by the Borsuk Antipoden-
satz [1], there exists an x € X, , ;N {x:||x||, =1} for which I'x=0. To obtain
this same result for ¢ =1 and g = oo, we slightly perturb the respective norms
to obtain norms which are strictly convex. On these new norms we have the
continuity of I, so that the result then holds for these perturbed norms. We
now limit back. [ ]

Aside from the above inequalities, there are certain situations in which
equalities naturally occur. We formulate these equalities only between §,
and d,, although we could also use Lemmas 2.1 and 2.2 to formulate the
corresponding equalities for §, and g,,.

LemMma 23. For 1< p<

Sﬂ(D;l;";lg') =d (D . l'")

’P’
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Proof. As noted in the introduction, this is the statement that the best
approximation operator in a Hilbert space is a linear (projection) operator.

Lemma 2.4 (Hutton, Morrell, and Retherford [6]). For 1<g< o
8.(D; l{";l(;") = d (D;l™ l;’).
Proof. Let e/ denote the jth unit vector in R™. Since { = ¢'}]_, are the
extreme points of the unit ball in I[*, we have

d (D;I™I™) = min max min ||Dx—
(D3 15 57) X, Izl <1 yex"“ yllq

=min max min ||[De’— .
X, j=1..., m yEXnII f y”q

Let y' € X, denote a best approximation to Die' from X,, in [7*, i.e,,
i i— = P— gy
Jnin I1Dje’ —yll,=I1De’ = y’l,.
Let P, be the m X m matrix whose jth column vector is y/, j=1,...,m. Thus

rank P, < dim X,, <n. Furthermore,

Dx—P = m D—P)el
”;1"11132(1 Il "xHq i=1"‘:’.—’im”( n)e ”q

= max [[Del -y,

It now easily follows that d,(D;1["; 1) >8,(D;I{"; IJ"), which, with Proposi-
tion 2.1, proves the lemma. ]

The following interesting result can only hold in a matrix setting.
Lemma 2.5. For p,q €[], o],
b (DL 1) d, (D HE ) =1,

n=0,1,....m—1, where 1/p+1/p'=1/q+1/q¢'=1.
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Proof. From Lemma 2.2,
(D THEEY) = B na(D TS

= min max |[D 7%,
Xnon-1 31X 0
llxilg <1

_ Ixll, |7
=  min max _— .
Xon1 #1Xeuos | | D ],
x#0

Setting y =D ~'x, and since D is invertible, this is

, IDyll, |~}
= mmn max -
Xnonor Y- X | llYll,
y#0
-1
. 1IDylig
= max min
Xn-n-1 4L Xn_nz1 1Yllp
y+#0

Xor1 YEX 4

_ [ max min || Dy], -1
flyll,=1

CoroLLARY 2.1. For p,q€[1, 0],
d,(D; 151, (D THESE) > L

and
(D17 ) (D THEET) 2 1

Proof. Proposition 2.1 and Lemmas 2.2 and 2.5. [ ]

3. THE CASE p>q

Undoubtedly the easiest determination of the n-widths introduced above
is in the case p=q. Because the proof is so simple, we include it below as a
separate result although we shall also obtain it as a particular case of the
more general result for p >q.
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THEOREM 3.1. For 1< p< oo,

8n(D;l,:";lpm> = dn(D;l,:";l,:") = g"(D;l’:";l;")

= b,(DiLI") = D,

257

forn=0,1,...,m— 1. Furthermore, an optimal subspace for d, is the span of
the first n unit vectors, and P, =diag(D,,...,D,,0,...,0) is an optimal best

rank n matrix.

Proof. Since we have shown that 8, >d,, g, > b,,, it suffices to prove that
8,(D; I L") <D,y and by(D; L") 2D, 1. The proof of these facts is

simple. Let
D ‘
0
Pn = Dn s
0 0
| o]
iie, P, is the m X m diagonal matrix with diagonal

(Dy,...,D,,0,...,0). Thus,

8,(D; 4 k™) < max ||((D=P,)x]),

H H
P llxli, < 1
1/p
|D,x,[?
= max

x#0 m 1/p
(2 hr)
k=1

(3

k=n+1

k=n+1
<D,.+lrgl:g - 77
(2 lx,.l”)
k=1

entries
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since D, ;> --+ >D,,>0. To prove that b,(D; ;% I") > D, ,,, it suffices to
recall that b,(D;L" L") =[d,_,_ (D487 l,;f')]_1 and to note that the
above argument has also given us an upper bound on d,,_,,_,(D ™% L.
The inequality b,(D;L™ L") >D, ., may also be proven directly by noting
that

b,(D; 1) > b, (D L) = b, (D7 4 10 ) =D,

where D’'=diag(D, ;,...,D,,1,0,...,0) and D” is the (n+1)X(n+1)
matrix of the form D" =diag(D, ,,,...,D, ,,). ]

The fact that P, =diag(D,,...,D,,0,...,0) is the optimal rank n ap-
proximation to D is hardly surprising. After all, what else could be? In this
next theorem we prove that if p>gq, then P, remains optimal for §,, d,, and
g... Unfortunately this result is no longer valid if p <gq.

THEOREM 3.2. Given 1<q<p<cc. Let1/r=1/g—1/p. Then

m l/f
5,(D;I™ l;")=d,,(D;l,;";l;")=g,,(D;l"'-l'")=( > D,:) .

k=n+1

An optimal subspace for d, is span{e'}}.,, and P, =diag(D,,...,D,,0,..., 0)
is an optimal rank n matrix.

This is a fairly recent theorem proven independently by Stesin [25] and
Pietsch [18]. The proof given herein is that of Pietsch. Stesin’s proof uses the
Aleksandrov n-widths and is rather laborious.

In the proof of the theorem we use the following two lemmas.

LemMma 3.1.  Let X, be any n-dimensional subspace in R™, n <m. There
exists an x€R™ for which ||x|| =1, x L X, and at most n components of x
are not equal to 1 in absolute value.

Proof. Let E={x:|jx|l,<1, xLX,}. E is a closed, convex, nonempty
set in R™ and hence has extreme points. Let x* be an extreme point of E.
Assume that x* does not satisfy the hypothesis of the lemma. Thus there exist
n+1 distinct integers {#,}3%] in {1,...,m} for which |(x*),| <1, k=1,...,n
+1. Let ¢’ denote the ith unit vector in R™, and let G=span{e",...,e%*}.
There exists a g€ G for which gt X, g#0. Thus for & sufficiently small,
x* * eg € E, contradicting the extreme point property of x*. This proves the
lemma. ]
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Lemma 3.2. Let 1<s<r<o0, ay, ay,...,8,4,>0, and b;>b >0,
ji=1,....k. Then
k+1 1/s k 1/s
j=1 i=1

k+1 1/r > k /r’
=1 =1

Proof. Let a'=2;‘_1b’.'ai and B‘=E’;=1bi‘a,-. Since b;>b,,,>0, j=

1,...,k, and s <r,
() <) ime
b,y - b )’ / T

k k
T
2 b,'sa,' 2 bjai
=1 =1
s T
bi s bii1

Hence b, ,/B* >b{,,/a’, and

and thus

b 17 [, B b,
1+ —— > 1+ —/—+ > 1+ =22 .
I: Bs ak+1:| Bs Gy l: a’ ak+l:,
Therefore,

(k+1 1/s
> b.“‘a‘)
= (B +biay)”

k=1 -
( 2 ba,

)1/' (a'+ b{ 10 1)1/
j=1

B (1+bl a0, /B)"° B

« (1+bkr+1ak+1/a')l/r @
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Proof of Theorem 3.2. To prove Theorem 3.2 we will first show that
8.(D; L% 1) < (2F- 41 Df)"/", and then since 1/r=1/q—1/p=1/p'—
1/q' and by Lemma 22, it will suffice to prove that g, (D;L™ L") >
(ZFans D)

As in Theorem 3.1, let P, =diag(D,,...,D,,0,...,0). Then

- (D~ P)x]l,
Sn(D;lp sl ) < T%W

m 1/q
( 2 |Dkxk|q)
k=n+1
= max .

x#0 m 1/p
( 2 |xk|P)

k=1

Since g <p, we obtain from Holder’s inequality
m 1/q m 1/r m 1/p
(2 o) "< 3 o) (32 wr)
k=n+1 k=n+1 k=n+1

Thus §,(D; l;"; l;") < (E'E_nﬂDk’)‘/’.
Now

(| Dx||

D;1™; ™) = min max !

& (D) X, xLX, llxll,
xF
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Applying Lemmas 3.1 and 3.2, we obtain
m—n 1/q

(£ 2)
k=1 _
m—n 1/p
L

for some 1<i;<:-: <i,_,<m. Since D;>--- >D,>0, g,(D;[";17") >
(Erene1De )!/*. The theorem is proven.

(D) >

4. THE CASE p<gq

The case p<gq is not well understood. A lower bound on the n-width
which may be obtained as a consequence of Proposition 2.1, Theorem 3.2,
and Lemma 2.5 is the following.

ProrosiTION 4.1. For 1< p<g< o,
8,(D; 1™ 1) > d (D1 1m), g, (Ds s 1)
n+1 1/r
> b, (DI 1) = ( > D,:) ,
k=1
where 1/r=1/q—1/p. (Note that r<0.)

This lower bound is rarely attained by d, or g,. The one general case
where it is attained is if n=m -1,

ProrosiTiON 4.2, For 1 < p<g < oo,

Bm_l(D;lp"'; lq'") =d,_(D; L l,;")

gm—l(Dﬂ,:";l:')
m 1/r
=b,_(D;I™I™) = > D,:) ,

P
k=1

where 1/r=1/q9—1/p.



262 ALLAN PINKUS

Proof. As a consequence of Proposition 4.1, it remains to prove that
8 (D L) < (X%-1 DX )'/*. 1t is in fact possible, using Lemma 2.5, to
prove the equality for d,,_, and g,,_,. However, we must also prove this fact
in any case for 8,,_. It is also possible to prove the proposition by drawing
upon a general result of Brown [2], which in our case states that

8ur(D; L LT) = i Dl s

which in turn equals the Bernstein (m — 1)-width and is (7_,D{)"/". How-
ever, we have no wish to reproduce Brown’s general result here and will
instead explicitly construct the requisite rank m — 1 matrix P.

Let x* =D;/?, k=1,...,m. Note that x* =(x},...,x%) is a strictly positive
vector and is such that equality is attained in the application of Holder’s
inequality given by

(3 <x,:*>")1/"=( ) D,:)_l/'( » (Dkx:r')l/q

k=1

(recall that r<0). '
For 1< p< 0, choose any m—1 linearly independent vectors {x* m !
which satisfy

S ()P %) =0, i=1..,m—L
k=1

If p=oo, then since [x*||,=x% we choose x'=e’, the ith unit vector,

i=1,...,m—1. In both cases the choice of the {x*}7"} is such that

m—1
x*— Y axt
ap,..., Q1 <l

P

Note that {x!,...,x™ ",x*} also forms a basis for R™. Let P* be the mXm
matrix defined by

Prx'=Dx', i=1..m—1 and P*x*=0.

Since x* 70, P* is singular and thus rank P* <m—1.
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Each x€R™ may be written in the form x=37_'"b,x'+ b*x*. Since
(D= P*)x=Db*Dx*, we may assume in what follows that b*+0. Since

m—1
[B*[llx*]l, < |b*x*+ X b’ = ||,
i=1 P
it follows that
(D= P*)xll,
8, _D;L%I") < T
mo(DTST) < s T
|b*| || Dx*|l
1b*[11x*]l,
m 1/r
~($0)"
k=1
The proposition is proven. [ ]

If D is the identity matrix, then for all 1< p<q < oo, P* is simply the
matrix whose diagonal entries are all (m—1)/m and whose off diagonal
entries are all —1/m.

CoroLrary 4.1. If 1<p<q<oo, 1/r=1/g—1/p, and D, , <
(ST2iD))", then

8"(D;lm'lm) = d,,(D;l,:";l,;") = g"(D;l""lm)

P> P g

n+1 1/r
= b,(D; ;1) = ( > D,:) .

k=1

Proof. Again, on the basis of Proposition 4.1, it is only necessary that we
prove the upper bound 8,(D; % I") < (£321D;)"/". The idea of the proof is
to use the P* of the previous proposition.

Let P* be the (n+1)X(n+ 1) matrix constructed in Proposition 4.2, and
let P, denote the mXm matrix whose first n+1 rows and columns agree

with P* and which is zero elsewhere. Thus rank P, < rank P* <n. Similarly,
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let x* and {x'}]., be the x* and {x’}7_, of Proposition 4.2 with added zero
terms. Any x € R™ may be written in the form

x = b*x *+2bx+ 2 xer.

i=1 k=n+2

If b*=0, then

§ 1/q
D, x, |7
(DB, (k=,,+2' i )

=l ll=ll,

n+1l 1/r
\Dn+2 ( 2 Dk) .

If b* 0, then we may assume b*=1, and as previously,

m 1/q
IDx*g+ 2 Dl
||(D—P,.)xuq<[ Toklme
=1, 1/
PTG
k=n+2

1/q

k=n+2

n+1 q/r m
[Hx*H?,( > Dk') + 2 Dl
<

1/
[ux*nu > Jxkl"} ’

k=n+2

Since 1< p <q < oo, the above quantity is less than or equal to
n+1 1/r n+1 1/r
ax (2 D,:) ,Dypyor-...D, | = ( > D,:) )

k=1 k=1

The corollary is proven. [ ]

The corollary is exact in that there exist p <q for which d,(D;[";[]")=
ErElphYiff (SEiDN)Y" > D, ., For an example of this, see the next
theorem.

The only case in which all the n-widths d,(D;"; ") are known for p <q
is when p=1 and g =2. The result (Theorem 4.1) was originally announced
but never published by S. A. Smolyak. The first published proof is due to
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Sofman [20]. Hutton, Morrell, and Retherford [6] re-proved the result,
unaware of the work of Sofman. The proof presented here is an amalgama-
tion of these two proofs. When D = I, then the theorem may also be found in
Stechkin [23] and Solomjak and Tichomirov [22].

THEOREM 4.1.

k—n
d,(D; I 1) = 8,(D;1m1) = nglkafm\/k:'
> D

Note that no claim is made concerning the n-widths in the sense of
Gel'fand. This is for the excellent reason that equality does not hold. We
shall use the following lemmas in the proof of the theorem.

Lemma 4.1, For given A, j=1,....m, satzsfymg 0<4A;<], j=1,...,m,
and 2,-1A,—" there exist n orthonormal vectors x ER’" i=1,. .,n, i.e.,
(x',x")=8,, for which A;=27_,|(x ,|2, i=1,...,m.

Proof. The proof is by induction on m. If m=n, it sufflces to take any
set of orthonormal vectors in R™, since then A; =37 | |2— 1,j=1,...,m.

Assume that m>n and that for any given {A et satlsfymg 0 <A <1,
j=1,...,m—1, E;"_llAl—n there exist x*€R™™ 1, i=1,...,n, orthonormal
and such that A=Z}_,|(x")% i=1,...,m— 1. To advance ‘the induction, let
{B,}7-1 be given satisfying the COIldlthIlS of the lemma, and assume, without
loss of generality, that B, mm, 1....m B Let {A;}7)! be any sequence for

.....

which 0<B <A, <1, j=1,...,m—1, "and P llA =n. Set A, =0. By the
induction hypotheSIS there ex15ts a set of n orthonorma.l vectors { y Yiey in
R™ for which (y'),,=0, i=1,...,n, and such that A;=37_,|(y")[% j=

1,...,m. The idea of the proof is to move from the sequence (Al,
Am l,A,,,) to the sequence (B, ...,B,,), where at the Ith step we decrease A,
to B; while increasing the previous value of A,,, i.e. Z'_1(4,—B,), by the
amount A; — B;, and where at each step we maintain an orthonormal set of n
vectors which satisfy the lemma.

The required transformation is the following: Given any vector x € R™,
let x[¢t;1]€ R™, where

(x);, i#l,m
(x[&1]), =1 (x);cost+(x),sint, i=1
—(x);sint+(x),,cost, i=m
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Note that this transformation applied to any set xl,...,x" of orthonormal
vectors in R™ preserves their orthonormality. Furthermore, if we set

= Sy Tsmf 0= tem

then for all ¢, A((t)=A;(0), 1#lm ST A(t)=n, and 0<A(H)<], j=
1,...,m. Thus A)(t)+ A, (t)=A4A,0 )+Am(0) for any ¢ and Ay (7/2)=A,,(0),
A (w /2)=A)0).

The result now follows by the intermediate value theorem, where we
make use of the fact that B, =min,.; ., B, which implies that as we go
from {A;}7.; to {B;}]-,, the minimality property of the last term of the
sequence is always preserved. The lemma is proven. ]

Lemma 4.2. If (k—n)/S%_ D, 2>D(,, for some k, k>n, then for all
1>k,

Proof. (k—n)/S%_\D,"2>D¢2,, is equivalent to the fact that (k—
n)/DZ,, > 3%_,D,~% Multiplying each side by —k and using the fact that
Dy, ,> -+ 2D, >0, we obtain

1

(k=m) S D> (-K3 D

i=k+1

which is equivalent to

k
(k—n) 2 D, %2> (I-n) 2
i=1 i=
The lemma follows. [ ]
LEmMMA 4.3. For n<k<m,
k—n . k—n k+1—n
ant NI

> D 2D 2D

i=1 i=]1 i=1
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Proof. The proof of this lemma follows very much the same reasoning as

the proof of Lemma 4.2. Since we take =k +1 in Lemma 4.2, all statements
in the proof are “if and only if” statements. [ ]

Proof of Theorem 4.1. As a result of either Lemma 2.3 or 24,

8. (DI 1) =d, (D;1%;13). Let X, be any n-dimensional subspace of R™,
and let x',...,x" be an orthonormal basis for X,. Set

, = i DI— s '=1,...,
oi(X,) ;rggﬂll el — yll, i m

where e/ is the jth unit vector. Since { + e/}7._; are the extreme points of the
unit ball in I[",

d,(D; 1% 1) = n;(l;n max p,(X,).

i=1,..., m

The orthonormality of the x* implies that

P,‘(Xn) = minaﬂ

]
||
=
L
Q,
L
S
=
I
M-
=
L
Q,
®
=
=
| I
=
~
[

Set A,.=2"_1|(x‘),.|2. Lemma 4.1 implies that varying over all n-dimen-
sional subspaces is exactly the same as varying over all {4,}]. satisfying the
hypotheses of Lemma 4.1. Thus,

4(Dilsig) = min - max D[1-4]"

3la14=n
= min max D,C,.l/z.
0<C,<l i=L..., m

2iCG=m-n
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Let k be the smallest integer, n+ 1<k <m, such that (k—n)/Sk_,D,~2
>DZ, .. Let D,,,, =0, so that such a k necessarily exists. Put

and C*=1, j=k+1,.

Obvnously, >0 and 2,=1 =m—n. To show that { C*}7., is admissi-
ble, we must prove that C* < 1. Slnce D,>- >Dk, 1t sufﬁces to prove that
C¥<1. Now, CF<1if and only if (k— n)Dk 2<2 2, which, in turn, is
seen to be equivalent to

k—l
ZD -

i=]

This latter inequality is valid by the choice of k (and trivially so if
k=n+1), so that {C"‘},_l is admissible.

Since D,Cr'/* =[(k—n)/Z5.,D,"}|"/? for j=1,...,k, and D, <
[(k—n) /2"_1D 21*/2 it follows that d,(D;1"; L") < [(k— n)/E‘_l 212,

To prove the lower bound, assume the existence of an n-dimensional
subspace X,1 for which p,(X,)<[(k— n)/Z"_lD,._z]l/2 for all j=1,...,m.
Since Ef_lp,( )/Dz—m n and 0<p,( ")/D,2< 1, we have

k—n < é p,z(Xn) < é (k_n)/zl;=lDi_2

i=1 D /= D?

=k—n

From this contradiction, it follows that d,(D; % I")=[(k—n)/Z%_ ,D,”?)'/2.
It remains to prove that

This fact is an immediate application of Lemmas 4.2 and 4.3. The theorem is
proven. . a
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5. D=1

In the case where we choose D to be the identity matrix I, things are
somewhat simpler. We restate the previous results in this setting and then
deal with certain extensions.

TueOREM 5.1.  Assume 1< p,q < co. Then

() for p>q
LI = 1 ) = g (s = (mm ) V9

P i

(W) 8,(L I ) = d (L1 1) = (m— n)/m)"/2.
(iii) for p<gq
8 i(LES ) = d (B I = g (LI ) =m =W/~ 1/
(iv) for p<gq
S (LI 1) > d, (LI L), g (LI 1) > (n+ 1)~ /P=Y/4),

P’9

We also have

ProposiTiON 5.1. For 1<g < o0

(m—l)l/q
[1+(m— 1)1/(q—1)]1—1/q )

8,(L ll'";l(;")=dl(1; l{";l(;")=

Proof. The equality between 8, and d, is a result of Lemma 2.4. Let
e=(1,1,...,1). Then

dl(I;ll'";lq'") "=I}15'1.).imm01;n ”ef—aqu.

Since |le’~ ae||,=(|1 - a|?+(m—1)|al?)*/9, it follows that for g>1, the
optimal a is a=[1+(m—1)/9~ Y]~ from which we obtain

(m—1)"7
[1+(m—p/@ D i=ve

dl(l;ll'”;l‘;")<
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Let y=(y,,...,y,) be any vector in R™, and let us assume, without loss
of generality, that | y,|=min;_, |yl If y, =0, then

.....

(m—1)"7
[1+(m__1)1/(q—1)]1—1/q ’

m(}n[lel—ay||q=1>

Thus we may assume that y, 0. Now,

m 1/q
min [le! — ay|), = min | |1 - ay,[+a]? 3 |yl
i=¢2

> min [|1- ay|?+|af*(m—1)] y,|7]"/*
= min [1- B +(m—1)| BI7]"/*

(m_ l)l/q
[1+ (m— e

Thus dy(L 1717 > (m—1)V9 /[14+(m — 1)1/ @~ D= 1/q, ]

Note that the above result is very much simpler in the cases g=2 and

q=c0. For q= oo, we obtain d,(I;I]*;17)= 1. It may in fact be shown that

d,(D;1%1%) =

In this same vein, we have
ProrositTioN 5.2 (Hutton, Morrell, and Retherford [6]). For 1<p < o0,
d,(I; l,;";lz) =27 V/p,

Proof. From Theorem 5.1(iv), we have d,(I; lp"‘;l;')>2—1/ P. Let e=
(1,1,...,1). Now,

maxx;, — minx;

min |x ~ ae|, = ——5
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Thus

[lx— ae|l,
d,(;1I™1™) < max min —————

1( st oo) A s ”x”p

1 [maxx, —minx;]

ax
x#0 2 m » 1/p
[2 ) }

i=1

1 maxx; — minx;
02 P inx.|P1/P
> [ Imaxx;|? + |minx|? ]

=9~ /p, [

28

Note that no mention is made of the linear n-width 6,(1;4";17). The
value 277 is a lower bound for 8,(I; 1 15) and not a very good lower
bound, since by Lemma 2.1, 8,(L; [ 12) =6, (L 1™ l,:f') and from Proposition

p > oo
5.1,

(m—1)171/7P
[1+(m—1)P1 V7

& (LLig)=

As was noted in the introduction, we have considered, until now, the ™"
and l:' norms on R™. If we consider these norms on C™, then the results so
far obtained remain unchanged. This fortunate situation is no longer valid if
p=1, g=o0, as will be seen at the end of this section, and it is therefore
necessary that we differentiate between these two choices. Since we shall
only be dealing with d, and §,, we shall write 8%, d® or 8F, d° to denote
that the underlying space is R™ or C™, respectively.

A considerable effort has been devoted to the determination of upper
bounds for d®(L;1;17) and dR(I;1;*;17) as both n and m increase. These
upper bounds are used to obtain exact asymptotic estimates of the n-width of
the Sobolev spaces W,[0,1] in L 9]0, 1]. The main work in this area was done
by Kashin [10] (see also Maiorov [13]), who proved

TueoreMm 5.2 (Kashin [10]). There exist constants C, and C,, indepen-
dent of n and m, such that for all 1 <n<m< o,

C m
R([.m.]m) < _C1 m
d,,(I,ll,lw)<\/;(1+lnn) :

C. m\3/2
Riy.im. m 2
dR(LIm 1) < e (1+ln n) .
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We cannot, in the limited space available, consider reproducing the proof
of the above results. The idea of the proof of (say) the second inequality is to
construct an mXn matrix A such that if ¢! denotes the ith row of A,
i=1,...,m, then

(1) every n rows of A are linearly independent;
(2) for every n+1 rows a®,...,a"»+ for which

n
aiv-+1 = 2 akaik’
k=1
a=(ay,...,qa,) satisfies

<___

lalatd () my
llexlly Vn

If one can construct such a matrix, one then takes as X, the span of the
column vectors of A. It is then not difficult to obtain the desired result. The
problem thus reduces to constructing a matrix A with the above properties.
The proof of the existence of such an A is probabilistic rather than construc-
tive in character and is rather complicated.

The case m=2n has held particular attraction to many. Szarek [27] for
example re-proved, by different means, Kashin’s result where m=2n,
thereby obtaining dR(I;12%12")<C/Vn . SzareK’s interest in this result
comes from Banach space theory. From the duality of Lemma 2.2, the above
result implies the existence of an n-dimensional subspace X,, of R®" such that
for any xEX,,

CVn |ixly < lixlly < V2n ||xlp.

(The right hand inequality is simple. It is the left hand inequality which is of
interest.) In fact Szarek shows that the orthogonal complement of X, also has
this same property.

As was previously mentioned, the n-width d (I;[";17) is of interest in
and of itself, since it is easily shown that

d(LIIZ) = 8,(LIMIZ) = min - max 18, = py,

where I=(8,);_, and P=(p;).,, P a real or complex mXxm rank n
matrix, depending on the space. The first to consider this case was Ismagilov
(8], who showed by explicit construction that d<(I;12";12')<C/ Vn for

1 >%e0
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some constant C, independent of n. Kashin [9] then showed that if n <m <n*
for some constant A, then there exists a constant C, for which d*(L; 1™ 1™) <
C,/Vn . It should be noted that it is easy to prove that dS(I;II™) <
dRLITIR).

One of the simpler upper bounds is the following. This result was proven
with the assistance of R. Loewy.

ProposiTiON 5.3. Let n be such that there exists a kX k Hadamard
matrix (i.e., a kX k matrix H all of whose entries are *1, and such that
HHT=kI) where n <k <n+ Vn . Then

1
1+Vn

dR(L 13 12) = 8 (L 12 12) <

Proof. Let H denote the k X k Hadamard matrix. Let A denote an nXn
matrix obtained from H by deleting any k— n rows and columns. Let

(1)
I 3

where I is the n X n identity matrix. Thus B is a 2n X n matrix. Consider

Vn

= BBT,
1+Vn

P

Obviously rank P <n. Furthermore, since

BBT = ( n~1AAT n—1/2A)
n~1/2AT 1

it follows that p,=Vn /(1+Vn) for all i=1,...,2n, and |p,|<1/(1
+ Vn ) for all i if at least one of the i,j is greater than n. We claim that
|pyl<1/(1+ Vn ) for all i#j.

Since A is obtained from H by deleting k—n rows and columns, and
since HHT=kI,

(AAT);| <k—n  forany i+j.
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Thus for i#j, i,j=1,...,n,

Vn  k—n k—n 1
Ipifl < = <

1+Va " (Q+Va)Vn 1+Vn '

where we have used the fact that k<n+ Vn .

Hence
1
max S, —p,l = ,
i | i Pi,l 1+ Vn
which proves the proposition. m

Thus we are reduced to considering the existence of k for which kX k
Hadamard matrices may be constructed. It is simple to prove that if k is the
order of a Hadamard matrix, then k=1, 2, or a multiple of 4 (see Street and
Wallis [26]). It is a well-known conjecture that the above condition is
sufficient for the existence of Hadamard matrices. The conjecture is known
to be valid to k=264. Hadamard matrices are obtainable if k=2 for some
m, or k=4m=p+1, where p is a prime. If the above conjecture is valid,
then Proposition 5.3 would hold for all n, except n=>5, by the above proof.
To prove the case n=35, let A be the 5X 5 matrix whose diagonal entries are
all 1 and whose off diagonal entries are all —1.

The result 8R(I;12";12") < 1/(1+ Vn ) for n=2" was proved by Koénig in
his Habilitationsschrift.

Almost no results had been obtained concerning lower bounds for
d (L1 17). From the fact that d (LI 1")=V (m—n)/m , it is easy to
show that dS(L;I"; I™) > Vm — n /m. We have as well, from Proposition
4.1, the lower bound d(I;1]*;17) > 1/(n+1). A sharper lower bound is the
following.

ProposITION 5.4. For all 1<n<m < oo,

1

df(I;lm;l;'o')=Sf(I;lm;l;'°') >
' ' 1+ V(m—1)n/(m—n)

Proof. Let P be any matrix of rank at most n, and let Q=1I~— P. Since P
has the eigenvalue zero with geometric multiplicity at least m — n, the matrix
Q possesses the eigenvalue 1 with geometric multiplicity at least m —n. Let
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u',...,u™ " be linearly independent eigenfunctions of the eigenvalue 1 of
Q. Thus for any wEspan{u’,...,u™ "}=[ul,...,u™ "], we have

m
g ij ] w;,
where Q= (q,)7";-,. Let max, ;|q,|=d. Now,

(1—-g)w E 410

/=#1

and since |1—-g,| > 1—d, |q,| <d, we have

=1
j=i

It = qulleo < [21 l%‘F] 1/2[ 2 Iwi|2] vz
= i

ji

which implies

(1=d)e] < (m=1)"%d| 3 luf [

=

Thus

(1—d)?+(m—1)d> 1/2w,. m 1/2
[ )"+ ( )a* ] |<(2|w,-|2)

(m—1)"q =1
for all i=1,...,m, which in turn implies that

2 m— 211/2 w
[(1-d)*+(m—1)d?] < Jlolls

(m—1)"2q 0]l

Therefore,

o vl (m—1)""d
ax .
weul,...,u™"" llwllg [(1—d)2+(m—1)d2]1/2
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We now minimize both sides of the inequality over all possible m—n
dimensional subspaces of C™. Since the right hand side of the inequality is
monotone in d, we obtain

(m—1)"%d*

g"(I;lm;lz) <
: [(1—d*)2+(m—-1)d*2]1/2

where d*=dS(LI17). Since g (LLMIm)=d (LI™EM=V(m—n)/m,

we have

(m—n)'/? 1

m'2 [(1~d*)?/(m—1)d*+1]"2

This quickly reduces to
[d*]zm(n—- 1) +2d*(m—n) — (m—n) > 0,

which implies that

dS(LI™Im) = d* > , ]

Note that this lower bound is exact for n=1 and n=m—1. The first
nontrivial (i.e., 1 <n <m—1) case occurs when m =4 and n=2. By the above
proposition

1
1+V3

di(Lih12) >
This lower bound is attained by the rank 2 matrix

V3 i i i

P 1 -i V3 i —i
1+V3 | —i  —-i V3 i

—i i -i V3
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However, if we consider dg'(I;1};1%), it is possible to prove that the upper
bound given in Proposition 5.3, i.e. 1/(1+2), is sharp.

The author is indebted to Messrs. C. de Boor, R. Loewy, and A. Melkman

for their many valuable suggestions.
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