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L'-APPROXIMATION WITH CONSTRAINTS

ALLAN PINKUS AND HANS STRAUSS

ABSTRACT. In this paper we study problems of best Ll-approximation to con-
tinuous functions from finite-dimensional subspaces under a variety of con-
straints. Included are problems of bounded coefficient approximation, approxi-
mation with interpolation, restricted range approximation, and restricted range
and derivative approximation. Emphasis is placed on problems of uniqueness.

1. INTRODUCTION

The literature of approximation theory abounds with numerous results on
best approximation under a variety of constraints. These results are mainly
concerned with such problems in the L? or uniform (L) norm. See, for
example, the review articles by Chalmers [1] and Chalmers and Taylor [2], and
the numerous references therein. In most of these problems, existence is easily
established, and thus the questions considered are those of characterization,
uniqueness, and algorithms for calculating best approximations.

Recently much progress has been made on the question of uniqueness of the
best approximation in the L'-norm, from finite-dimensional subspaces, where
both the subspace and the approximated functions are continuous. Similar
progress has also been made on the analogous one-sided approximation problem.
In this paper we consider problems of characterization and uniqueness for best
Ll-approximants to continuous functions, where the approximating sets are
specified convex subsets of finite-dimensional subspaces. These convex subsets
may or may not depend on the function being approximated. In §3 we consider
the problem of bounded coefficient approximation, while in §4 we deal with
best approximation under interpolatory constraints. In §5 and §6 we discuss the
problem of best restricted range approximation. §5 contains the more theoretical
aspects of this problem, while in §6 we consider various examples. In §7 we
show how these results can be generalized to restricted range and derivative
approximation.

2. BACKGROUND
Let us first fix some notation. K will denote a compact subset of RY sat-

isfying K = int K. We let 4 be any nonatomic positive finite measure on K
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with the property that every real-valued f € C(K) (continuous functions on
K ) is p-measurable, and such that if

171 += [ 1)l dutx) =0

for f€ C(K),then f=0,i.e., |||, is trulyanorm on C(K). For notational
ease we denote the set of such measures by /. We let C,(K, u) denote the
linear space C(K) equipped with norm ||-||, . C,(K, u) is not a Banach space,
1.e., it is not complete. However, it does have the important property that its
dual space is L(K, u), i.e.,

(CI(K> :u))* = LOO(K’ Iu) .

U will always denote a finite-dimensional subspace of C(K), and M a
closed convex subset of U. To every f € C(K) there always exists a best
Ll(K , 4)-approximant from M . We first state two well-known criteria char-
acterizing best approximants from M in C (K, u). We recall the standard
notation Z(f) = {x: f(x) =0}, and N(f) = K\Z(f).

Theorem 2.1. Let f € C(K). Then the following are equivalent.

(i) u* is a best L'(K, W)-approximant to [ from M .
(i) For every ue M

Jtsentr - wn-wydus< [ -l
K Z(f-u")
(iii) There exists an h € L (K, u) satisfying

(1) |h(x)|=1,all xeK,

(2) [ihu"du> [ hudu, all ue M,

(3) Jyh(f—u)du=|f-u"|,.

The only nonstandard statement in the above theorem is (1) of (iii). It is
only here that one uses the fact that our measure is nonatomic. With this
fact, the result follows by using Liapounoff’s Theorem. See Phelps [10]. The
characterization (ii) is the usual one given. However, we will need the stronger
statement (iii) in much of what follows (cf. §3).

The question of when M is a unicity set for C,(K, u), i.e., when to each
f € C(K) there exists a unique best L'(K , iW)-approximant from M, is a
different and more difficult question. If M = U, then there are two known
results characterizing unicity spaces. These are:

Theorem 2.2 (Cheney and Wulbert [3]). U is a unicity space for C,(K, u) if
and only if there does not exist an h € L°(K, u) anda u* € U, u* # 0, for
which

(1) |h(x)|=1,al xeK,
(2) [xhudu=0,all ueU,
(3) hlu’| e C(K).
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Theorem 2.3 (Strauss [23]). U is a unicity space for C(K, p) if and only if
the zero function is not a best LI(K , W)-approximant to any g € U™, g # 0,

where
U'={g:geC(K), |g| = |u| for someue U}.

The only if statement of both these related theorems follows from the fact
that au® is a best L'(K, u)-approximant to hlu*| € U* forall a € [-1, 1],
if A is as in Theorem 2.2.

If M=% (f):={u:ue U, u< f}, then it has been proved (see Strauss
[24]) that to each f € C(K) there exists a unique best LI(K , M)-approximant
to f from Z(f) (assuming Z(f) # &) if and only if forevery ue U, u #0,
the zero function is not a best L' (K, u)-approximant to |u| from % (|u|). Note
the similarity to Theorem 2.3 in that the uniqueness question for all f € C(K)
reduces to the uniqueness question on a set of “test” functions. There is also a
different characterization if U contains a strictly positive function, in terms of
quadrature formulae for U [12].

For arbitrary M as above, we have the recent result of Shi [18].

Theorem 2.4. Let M be a closed convex subset of U. Then M is a unicity set
for C(K, u) if and only if there does not exist a g € C(K) and u,, u, e M,
u, # u,, such that

(a) (8- u])(g - uz) =0,
(b) (u, +u,)/2 is a best LI(K, W)-approximant to g from M .

If M = U, then Theorem 2.3 is an immediate consequence of this theorem
and is obtained by translating g by (u, +u,)/2.

It has been noted that the various necessary and sufficient conditions delin-
eated for U or M to be a unicity set are u dependent. That is, A/ may be a
unicity set for C,(K, u) for some measure but not a unicity set for other mea-
sures. As such, it is natural to ask for necessary and sufficient conditions on M
implying that it is a unicity set for C,(K, u) for all “nice” measures u. This
problem in the case M = U has been considered by Kro6 [7], Sommer [19], and
Pinkus [11]. The analogous problem for one-sided Ll(K , i)-approximation
was considered by Pinkus and Totik [15] and Pinkus and Strauss [13].

To explain the result obtained in the case M = U, let us restrict our set of
measures y to

D ={dp=w(x)dx: weCK),w>0onK}.
For each u € U, u # 0, the (relatively) open set K\Z(u) (= N(u)) is the
union of a possibly infinite, but necessarily countable number of open disjoint
connected subsets of K, i.e., K\Z(u) = U:';l A;, where the A4, are open, dis-
joint, and connected. For convenience we also introduce the following notation.

[K\Z(u)] will denote the number of open connected disjoint components of
K\Z(u), and for each ue U,

Uu)={v:veU,v=0ae. onZ(u)},
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where the a.e. (almost everywhere) is with respect to Lebesgue measure.

We say that U satisfies Property A if toeach ue U, u # 0, with K\Z(u) =
U:L A;, as above, and to each choice of ¢, € {~1,1}, i =1,..., m, there
exists a v € U(u), v # 0, satisfying ¢v >0 on 4,, i =1,...,m. We
can also state Property A in two other equivalent forms. Namely, U satisfies
Property A if to each g€ U*, g #0, there existsa u € U, u # 0, satisfying
u=0 ae on Z(g), and ug > 0. Alternatively, U satisfies Property A if to
each uc U, u#0,and he L(K) with

(a) |Jh(x)|=1,all xeKk,
(b) hlul € C(K),
there existsa v € U, v # 0, satisfying hv > 0.

The following result was proven with restrictions by Kroo [7] and Pinkus
[11], and in this form by Kro6 [8]. Schmidt [17] later proved a somewhat more
general result.

Theorem 2.5. U is a unicity space for C(K, p) for all n € & if and only if
U satisfies Property A.

This result raises the natural question of which subspaces satisfy Property A.
We know of two necessary conditions implied by Property A. To explain one of
these conditions, we say that U decomposes if there exist nontrivial subspaces
V and W of U suchthat U=V @& W ,ie., U=V +W and VnW ={0},
such that (K\Z(v)) N (K\Z(w)) = & forall v € ¥V and w € W. In other
words, there exist disjoint subsets B and C of K such that every function in
V' vanishes identically off B, while every function in W vanishes identically
off C. With this definition, we can now state the following result.

Theorem 2.6 (Pinkus and Wajnryb [16]). If U satisfies Property A, then

(1) [K\Z(w)] <dimU(u), forall ue U.
(2) If Z(U) = Nyey Z(u), and [K\Z(U)] > 2, then U decomposes.

If K c R, then based on these results a full characterization of those U
satisfying Property A may be given. From (2) of Theorem 2.6, it suffices to
state this result for K = [a, b].

Theorem 2.7 (Pinkus [11], [12]). Let U be a finite-dimensional subspace of
Cla, b]. Then the following are equivalent.
(1) U satisfies Property A.
(2) [la, bNZ(w)] < dim U(u) forall ue U.
(3) (@) If [c,d], a<c<d<b,isazero interval of u € U, then
(i) there exists a v € U for which

u(x), a<x<c,
v(x)={0, c<x<b,
(ii) there exists a w € U for which
0, a<x<d,
wl )z{u(x), d<x<b.
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(b) For a<c<d<b, let
V.y={u:ueU,u=0o0nla,c)ud, bl}.

Then each V, , is a WT-system (if V. 4 # {0}). Furthermore, if
v €V, ; hasno zerointerval in [c, d], then v has at most dimV, ,—1
distinct zeros in (c, d).

For K c R* , d > 2, a full characterization is not yet known. In the case
of one-sided L' (K, u)-approximation, the answers to the analogous questions
are somewhat different. Since we will need these results in §5, we review them
here.

Let K and u be as above. For each f € C(K), set

Z(f)={u:ueU,u<f}.

If Z(f)# <&, then a best LI(K , 1)-approximant to f from Z(f) necessarily
exists. We will say that U is a unicity set for C, (K, u) if to each f € C(K)
with Z(f) # @, there exists a unique best LI(K , 1)-approximant to f from

Z(f).

Theorem 2.8 (Pinkus and Totik [15]). U is a unicity set for C, (K, u) for all
w €Y ifand only if there exists a basis u,, ..., u, for U such that

(@ u; 20, i=1,...,n,

(b) Nu)nN(u,;) =2, all i #j.

This result says that the unicity set property holds in this one-sided case for
all u € Z only if U has a very simple, trivial form. It is trivial in the sense
that the approximation problem for U satisfying (b) reduces to » independent
one-dimensional approximation problems.

The story, however, does not end here. If we restrict ourselves to continuously
differentiable functions, then much more can be said if we add some additional
minor assumptions. Before stating these assumptions, let us note that f €
ok (K), for K compact, if f has an extension to some open neighborhood of
K, where f and its first partial derivatives are all continuous.

Assumption I. We assume that U Cc C l(K ) and

(1) U contains a strictly positive function,
(2) K is a compact, convex subset of R? , with piecewise smooth boundary
(and K = intK).
For f € C'(K) , we let Z (f) denote the set of zeros of f on K for which
the following hold:
(a) If x €intK, then all partial derivatives of f at x vanish.
(b) If x € 8K, then all directional derivatives to f at x vanish for all
directions tangent to K at x.
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If K is the interval [c, d], then Z (f) is simply the set of zeros of f in
[c, d], with the proviso that if x € (¢, d), then f'(x)=0.
Finally we say that U c C 1(K ) satisfies Property Biftoeach ue U, u#0,
there exists a v € U, v # 0, satisfying
(1) Z,(u) € Z,(v),
(2) v>0.

The following result was proven by Pinkus and Strauss [13].

Theorem 2.9. Let U C CI(K), and Assumption 1 hold. For every u € &
and each [ € C'(K) with %(f) # @, there exists a unique best LI(K, 1)-
approximant to f from Z(f) if and only if U satisfies Property B.

3. BEST APPROXIMATION WITH COEFFICIENT CONSTRAINTS

Let dimU =n,and u, ..., u, be abasis for U. Given o= (a,...,q,)
and B =(B,,..., B,) satisfying —co<a; < f;<o0, i=1,...,n,set

n
Ma; B) = {Zaiui:aigaigﬂi,iz l,...,n}.

i=1

The problem we consider in this section is that of best approximating f € C(K)
from M(a; B) inthe L' (K, p)-norm. This same problem in the uniform norm
was studied by Pinkus and Strauss [14].

For u" =3Y" aju, € M(a; B), set

=1
*
1, a[=ﬂia

and
n
Ub") = {Zciui: cib: <0,i=1,..., n} .
i=1
From Theorem 2.1, we easily obtain
Theorem 3.1. Let [ € C(K)\M(a; B) and u € &/ . Then the following are

equivalent:

(1) u" =Y. ,a’u, € M(a; B) is a best L' (K, p)-approximant to f from

M(a; B).
(ii) For all ue U(b")

/[sgn(f—u*)]udus/ uldp.
K

Z(f-u")



L'-APPROXIMATION WITH CONSTRAINTS 245

(iii) There exists an h € L™ (K, u) satisfying
(1) lh(x)|=1, allxe K,
>0, ifb; =1,

@) /hu,.du =0,  ifb =0,

K Soa lfb:=—19

3) /h(f—u*>du=nf—u*n,.
K

Statement (iii) provides us with the more precise information needed for
the solution of the unicity problem. For this unicity problem, we also need an
important addendum to (2) and (3) of (iii).

Lemma 3.2. Let f, u*, and h be as in Theorem 3.1(iii). If a = Y__ au, is
any other best L'(K , lW)-approximant to f from M(a; B), then

(@) [xh(f—w)du=|f~al,,
(b) ifthuja’uaéOforsome je{l, ..., n}, then

~ * Bj b l,fb; = 1 >

a.=d4a. = «

I a;, ifb;=-1.

Proof. From (1), (2), and (3) of (iii) of Theorem 3.1,

1f=ul = [ A =)< [ b= dus s -,
Since equality holds, we immediately obtain (a) and
/ hu" — #)du = 0.
K

That is,

n

Z(a; -Zzi)/ hu,du=0.
K

i=1

From (2) of (iii) of Theorem 3.1, we have that
(a;—-ai)/Khu,.duZO
if a;<a,<p,and i€{l,...,n}. Thus
(a;—&i)/Khuid,u=0, i=1,...,n.

If [ hu ;du#0, it follows that 4 ;= a; and (b) holds as a consequence of (2)
of (iii) of Theorem 3.1. O

The seemingly innocuous Lemma 3.2 has a simple and important conse-

quence. Set
I= {i: / hu, du =O}
K
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and J = {1, ..., n}\I. Every best LI(K, )-approximantto f from M(a; B)
of the form Y7 | a.u, satisfies a. = a; forall jeJ. Let

=177 j
- *
f=f- E au;.

Then # = Y7 au, is a best L'(K, u)-approximant to f from M(a; B) if
and only if 3, , a,u; is a best LI(K, 1)-approximant to f from M, (a; B),
where
Mﬂumz{zyﬂﬁ%S%S&JE*.
iel
Let
U =span{u;:iel}.

From Theorem 3.1(iii) and Lemma 3.2, we have

(1) |h(x)]=1 all xeK,

(2) Jyhu,dp=0,al iel,

(3)
(a) /h(T—Za;ui) dﬂ=}7—2a:ui ,
K i€l il i
(b) / h (7— Zaiui) du= H?— Z&iui
k i€l i€l {

From Theorem 2.1(iii), this implies that both _,_, a;u; and D i Q;u; are

best Ll(K, u)-approximants to f from U,, and not only from M, (a; B).
We have therefore proved:

Theorem 3.3. Let N = {i:a, = —oo, B; = oo}. If span{u; ,..., ul.k} is a
1

unicity space for C (K, u) for every choice of distinct {i, ..., i } satisfying

NcC{i,..., i ,} S{l,...,n}, then M(a; B) is a unicity set for C\(K, u).

It is not clear that the converse result is valid in this generality. It is, however,
true with a minor additional assumption.

Theorem 34. Let N = {i: o, = —00, B, = co}. Assume that for all i ¢ N,
we have —oo < a; < B, < oo. If M(a; B) is a unicity set for C (K, u), then
span{ui| e uik} is a unicity space for C,(K, u) for every choice of distinct

{iy, ..., 0} satisfying N C {i,..., 0} C{l,..., n}.
Proof. Let
NC{ij,....i,} S{1,..., n},
and assume that U, = span{y, , ..., u,.k} is not a unicity space for C (K, u).
, ,

By definition there exists an f € C(K) and u', keu,, u' # u*, such that
both u' and u’ are best L'(K, u)-approximants to f from U, . Since the
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set of best approximants is convex and «' + u, r = 1, 2, are best LI(K , )~
approximants to f +u from U, for each u € U, , we may assume that

k k
2
Z a; u;
g o j
where o, <a; <f,,r=1,2; j=1,..., k. From Theorem 2.1(iii), there
exists an h € L™(K , u) satisfying
(1) |h(x)|=1,all xeK,
(2) [xhu;du=0,j=1,...,k,
(3) [xh(f-u)du= IIf-ulll, r=1,2.
Set Q9 ={1,...,n}\{i,,..., i }. Foreach i € Q we have ~o0 < q; <
B <oo.LeticQ.If [(hudu=01let y,ele;, B]. If [ hu,du>0 set
7, = B;, while if [ hu.du <0 set y, = ;. Define

o= Z ViU,
i€Q
and f=f+a, 4 =u +a, r=1,2. From Theorem 3.1(iii), we have that
both #' and #° are best Ll(K, u)-approximants to f from M(«a; B). O

We can now put together Theorems 2.5, 3.3, and 3.4 to obtain the analo-
gous necessary and sufficient conditions for when M («; B) is a unicity set in
C(K, u) for all 4 € & . Since Chebyshev (T-)systems satisfy Property A
on [a, b], we obtain, for example, that if {u s eees ul.k} is a T-system on
[a, b] for every choice of {i,,..., i }C{l,...,n} and k=1,...,n, then
M(a; B) is a unicity set for C, (K, u) forall u € &, and for any choice of «
and B as originally defined. A sequence of functions {u , ..., u,}, such that
every subsequence is a 7-system, is called a Descartes system.

4. BEST APPROXIMATION UNDER INTERPOLATORY CONSTRAINTS

Assume that dim U = n, and that we are given m distinct points ¢,, ..., f,,
in K. We wish to approximate f € C(K) from the set of u € U satisfying
u(t,) = f(t;), i=1,..., m. For this problem to be well defined, we assume
that this interpolation is always possible. That is, we assume that U is of
dimension m over {f,,...,¢,}. Equivalently, we can restate this condition
as follows. Set

V={u:ueU,u(t)=0,i=1,...,m}.

Then V is a subspace of U of dimension n — m. If m = n, then these
interpolating conditions uniquely determine the admissible u, and there is no
approximation involved. As such, we always assume in what follows that 1 <
m<n.

For notational ease, set

M(f)={u:ueU,ut)=f(t),i=1,...,m}.
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Our problem is to approximate f from M(f). Obviously M(f) depends on
f. Nonetheless M(f) is a closed convex subset of U, and as such, a best

L'(K, p)-approximant necessarily exists. It is important to note that if i €
M(f), then

M(f)y={ua+v:vel}.
Using this form of M (f) we may apply Theorem 2.1 to obtain a characteriza-
tion of best L'(K, u)-approximants from M f.
Theorem 4.1. Let f € C(K). Under the previous assumptions, the following are
equivalent:

(a) u* isabest L' (K, u)-approximant to [ from M(f).
(b) For every veV

[sentr—wdul< [ ol
K I Z(f-u")

(c) There exists an h € L™ (K, u) satisfying
(1) |h|=1,all xeK,
(2) [yhvdu=0,all veV,
(3) [ h(f—uydu=|f—u'll,.

We also have the following result.

Theorem 4.2. To each f € C(K), there exists a unique best Ll(K , lL)-approxi-
mant from M(f) if and only if V' is a unicity space for C (K, u).

Proof. (<) Let f € C(K) and & € M(f). Since V is a unicity space for
C,(K, u), there exists a unique best LI(K , i)-approximant v €V to f—il.
The function u* = @1+v" is necessarily the unique best L' (K , u)-approximant
to f from M(f).

(=) Assume V' is not a unicity space for C (K, u). From Theorem 2.2
there exists an h € L(K, u) anda v* € V, v" # 0, such that A|v*| € C(K).
From Theorem 2.1, it may be easily checked that av® is a best LI(K , U)-
approximant to f = h|v"| from V, for every a € [-1, 1]. Since v*(¢) =0,
i=1,...,m, wealso have f(t;,) =0, i=1,...,m, and therefore M(f) =
V. We have constructed an f € C(K) with more than one best LI(K , U)-
approximant from M (f).

Remark 4.1. The latter half of the proof of Theorem 4.2 epitomizes one of the
principles implied by Theorems 2.2 and 2.3. Namely, to check the unicity space
property of a finite-dimensional subspace V' of C(K), it suffices to check it
only on a set of “test” functions. Moreover, these “test” functions f necessarily
satisfy f(x) =0 if v(x) =0 forall ve V. Since v(;)) =0, i=1,...,m,
for all v € V', it is sufficient to verify the unicity space property for those
f € C(K) satisfying f(¢;) =0, i =1,...,m, ie, f € C(K) for which
M(f)=V.
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Putting together Theorems 4.2 and 2.5, we obtain

Theorem 4.3. For each u € < there exists a unique best L' (K, w)-approximant
to every f e C(K) from M(f) if and only if V satisfies Property A.

The consequence of this result is generally negative in character. For example,
if K =[a, b] and at least one of the points {ti};';l lies in (a, b), then either
[K\Z (V)] > 2 orall functions in V' have their support between two consecutive
t’s. If the former occurs, then it follows from Theorem 2.6 that V' does not
satisfy Property A unless V' decomposes. Thus if U isa T-system on (a, b),
at least one of the points {tl.},'.';1 liesin (a, b),and 1 <m < n, then V does
not decompose and therefore does not satisfy Property A. There thus exist a
e and an f € C(K) without a unique best L'(K , 1)-approximant from
M(f).

This result is in marked contrast to the corresponding problem in the uniform
norm (see Paszkowski [9]), where it is shown that uniqueness of the best uniform
approximation to f from M(f) always holds if U is a T-system.

5. BEST RESTRICTED RANGE APPROXIMATION: THEORY

We assume that we are given two functions b, ¢t € C(K) which satisfy
b(x) < t(x) forall x € K. Set

Mb,t)={u:ueU,b<u<t}.

The problem now under consideration is that of finding best L' (K, u)-approxi-
mantsto f € C(K) from M(b, t). One characterization of the best Ll(K , 1)-
approximants is given by Theorem 2.1 with M = M (b, t). However, this result
is insufficient for our purposes. We first give a more particular characterization
theorem, which is a consequence of Theorem 2.1(iii). To this end we will make
the foilowing assumption without which the next result is not valid. We assume
there exists a i € U satisfying b(x) < #1(x) < t(x) for all x € K. We write
this as intM(b, t) # &. Our characterization theorem generalizes results of
Duffin and Karlovitz [4] and Gehner [5].

Theorem 5.1. Let M(b,t) be as just described and dimU = n. Then u* is
a best L' (K, p)-approximant to f € C(K) from M(b, t) if and only if there
exist distinct points x, ..., X, € Z(u “—b)and y,,...,y, € Z(t - u),
0<m+r<mn, posmvenumbers {a} _, and {/)’}, \» and an he L™K, pn)
satisfying
( ) lh(x)|=1,all xeK,
thudquEllau =Y Bu)=0,all ueU,
3) feh(f—u")du= IIf u'll,.

Proof («) Assume (1), (2), and (3) hold. From the definition of the {x,}_ ,
wY_, {ai}i=l and {B,},_, , it follows from (2) that

Jehuw'du> [ hudp,all ue M(b, 1).
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Theorem 2.1(iii), and (1), (2'), and (3) imply that «" is a best LI(K, U)-
approximant to f from M(b,t).

(=) Assume u* isabest L'(K, u)-approximantto f € C(K) from M(b, t).
Since M (b, t) is a closed convex set, we have from Theorem 2.1(iii) the exis-
tence of an h € L™(K, pu) satisfying (1), (3), and

") [ehu"du> [ hudp,all ue M(b,1).

Our aim is to prove (2) of the statement of the theorem. To this end, let

u.,...,u, beany basis for U, and set
P={(u(x),...,u,(x): xeZ(it-u)}
U{(=uy(x), ey =, (x)): x € Z(U" —b)}.

Let Q denote the closed convex cone generated by P. (If P = ,set Q = {0}.)

Furthermore, set
c= ([ hu,du, ... ,/ hundu> .
K K

If ¢ ¢ Q there exists a hyperplane strictly separating ¢ from Q. Since Q is
a cone, we may assume that this hyperplane passes through the origin. Thus

there exists an a = (a,, ..., a,) # 0 for which
n n
Zaj/Khujd,u>OZZajqj
j=1 j=1
forall q=(q,,...,9, €0.
Set =37, au;. Then [ hitdu >0, while #(x) <0 forall x € Z(t—u")

and #1(x) >0 forall xe Z(u" -b).

Recall that # € U satisfies b < ## < t. Therefore, for some 6 > 0, ¢
sufficiently small, v = it — 6(u" — it) satisfies v <0 on Z(t—u"), v >0 on
Z(u" -b),and [, hvdu>0. A standard compactness argument implies that
u' +eve Mb,t) for e >0, ¢ sufficiently small. But [ h(u" + ev)du >
J hu" du contradicting (2”). Thus c€ Q.

Since ¢ € Q, there exists {x,}/-,, {y,}'_,, {a;}\.,, and {B,},_, as in the
statement of the theorem with 0 < m + r < n satisfying (2). O

As a corollary to this result we have the more easily stated, but less useful

Corollary 5.2. Let M (b, t) be as described earlier and dimU = n. Then u" is
a best Ll(K, w)-approximant to f € C(K) from M(b, t) if and only if

(5.1) [ sen(s —unudus [ juldn
K Z(f-u")
for all ue U satisfying u<0 on Z(t—u") and u>0 on Z(u" - b).

Proof. If u* isabest L'(K, u)-approximant to f € C(K) from M(b, t) then
(5.1) follows from (1), (2), and (3) of Theorem 5.1. If (5.1) holds, then we use
Theorem 2.1(ii) to obtain our result. O
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Given y € &, let us now ask when M (b, t) is a unicity space for C\(K, u).
As above, we assume that intM (b, t) # &. We can now state the following
analog of Theorem 2.2.

Theorem 5.3. Let M(b,t) be as above and dimU =n. M(b, t) is a unicity
set for C,(K, u) if and only if there do not exist u,, u, € M(b,t), u, # u,,
and

(a) {x}, 1 € Z(u —b)ﬂZ(uz—b),
(b) {y,}._ lth—u )NZ(t—u,),
() a;>0,i=1,...,m,and B,>0, i=1,...,r,

where 0 <m+r<n,andan he L™ (K, u) for which
( ) lh(x)|=1,al xeKk,
2) [hudpu+ Y eu(x) =Y Buy,)=0,al ueU,
) hlu, —u,| € C(K).
Proof. (=) Assume there exist u,, u, € M(b,t) with {x}",, {y},_,.
{a}7,, {B;}_,,and h satisfying (a)-(c) and (1)-(3). Set

) = M)~ 100 2400 ¢ 1)

Then f € C(K). Furthermore, as is easily checked,
h(f_ui)zoa i:1,29
on all of K. Thus

3,) th(f_u,')dlu = ”f_u,‘Hl , 1=1,2.

Using (1), (2), and (3'), we obtain from Theorem 5.1 that both u, and u,
are best Ll(K, u)-approximants to f from M(b,t). Thus M(b, t) is not a
unicity set for C, (K, u).

(<) Assume M(b, t) is not a unicity set for C (K, u). There exists an
feC(K) and u,, uye M(b, t), u, # u,, such that both u, and u, are best
L’(K, u)-approximants to f from AM(b, t). Since (u, + u,)/2 is also a best
L' (K, u)-approximant to f from M (b, t), we easily see that

- (252

for all x € K. Thus
(f—“ +u2>§Z(f—u,)ﬂZ(f—u2)-

=|(f = u)(X)| + [(f = uy)(x)]

Because (u, + u,)/2 is a best L'(K, [)-approximant to f from M(b, t) we
have {x;}7,, {v;}._,, {o}.,, {B;}_, and h satisfying the various condi-
tions given in Theorem 5.1 with respect to (¥, + u,)/2. Thus, (1) and (2) of
this theorem hold. Since u,, u, € M(b, t) we immediately obtain (a)-(c). It
remains to prove (3) of this theorem.
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From Theorem 5.1, we have

Jor(r=) au=[ -5

Thus, using (1) we have & = sgn(f — (u; +u,)/2)u a.e.on N(f—(u, +u,)/2).
We alter 4 on a set of u-measure zero so that 4 = sgn(f — (u, +u,)/2) on all
of N(f - (u, +u,)/2), while maintaining (1) and (2). Consider h|u, —u,|. If
h|lu, — u,| is discontinuous at a point x € K, then x is necessarily a point of
discontinuity of 4. Every point of discontinuity of 4 occurs, by construction,
at a zero of f — (u, +u,)/2. But

Z(f—(ul +u2)/2) c Z(f—ul)ﬂZ(f—uz) (_:Z(ul _u2)=Z(|u1 —uzl)’

and |u, — u,| is continuous. Thus, A|u; — u,| is continuous at each point of
discontinuity of 4, implying that Alu, —u,| € C(K). O

Uy + u,

The characterization of a unicity set as determined by Theorem 5.3 is gen-
erally difficult if not impossible to verify. An easier sufficient condition is the
following:

Proposition 54. Let M(b,t) be as shown before and dimU = n. If for each

geU", g#0, andeverysetof{x}, 1 {J’}, CZ(g) with 0<m+r<n,
there exists a u € U satisfying u(x,) >0, i=1,...,m; u(y,)<0,1,...,r,
and
(5.2) [ tsengludu> [ i,

K Z(g)

then M (b, t) is a unicity set for C,(K, u).

Proof. If M(b, t) is not a unicity set for C,(K, u), then we have the existence
of {x}",, wt_, {e},, {B}_, h, ul and u, satisfying (a)-(c) and
(1)-(3) of Theorem 5.3. From (1) and (3), g = hlu1 u,| € U, g#0,and
h =sgng on N(g). By construction {x}, . {y} CZ(g). Let u" €U

=1 =

satisfy (5.2) with respect to this g and these {x,}l=l and {y,}’_, . From (2)

m r
/Khu* dﬂ = —Zaiu*(xi) + Zﬂiu*(yi) < 0
i=1 i=1

Thus
/[sgng]u*d,u+/ hu"du<0
K Z(g)

which implies that
/[sgng]u* du < - hu” du S/ lu*|du.
K Z(g) Z(g)

This contradicts the fact that u” satisfies (5.2). O

The conditions of Theorem 5.3 and Proposition 5.4 very much depend on the
choice of x4 € & . We wish to obtain conditions on U and M (b, t) that would
imply that M (b, t) is a unicity set for C (K, u) for all x € Z . To this end,
we first introduce a condition we call Property C. As always, int M (b, t) # &.
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Definition 5.1. We say that M (b, t) satisfies Property C (with respect to b and
t),ifforany u,, uye M(b, 1), u, #u,,with {x;}\", € Z(u,—b)NZ(u,-b),

i=1 =

o CZU-u)NZ(t=uy), 0<m+r<n, K\Z(u, —u)) =U_, 4,, and

every choice of ¢, € {—1,1}, i =1,...,k, thereexistsa v € U, v # 0
satisfying

(1) v=0 ae.on Z(u, —u,),

(2) ev>0o0n 4, i=1,...,k,

(3) v()20,i=1,..., m;v(y)<0,i=1,...,r.

The a.e. of (1) is with respect to Lebesgue measure. There is a simple equiv-
alent definition of Property C that we will also use.

Definition 5.2. We say that M (b, t) satisfies Property C (with respect to » and
t)if forany u,, u, € M(b, 1), u, #u,, with {x,} C Z(u,—b)NZ(u,-b),

and {y,},_, € Z(t—u)NZ({t—-u,), 0<m+r<n,andany h € L(K)
satisfying

(a) |h(x)|=1,al xeK,
(b) hlu, —u,| € C(K),

there exists a v € U, v # 0, for which

(1) v=0 ae.on Z(u, —u,),
(2) hv >0 a.e.,
(3) vix))20,i=1,...,m; v(y)<0,i=1,...,r.

Condition (1) of Definition 5.2 is actually a consequence of the other condi-
tions; see the proof of Theorem 5.5. The importance of Property C is a result
of this next theorem.

Theorem 5.5. M(b, t) is a unicity set for C (K, u) for every u € & if and
only if M(b, t) satisfies Property C (with respect to b and t).

Proof. (=) Assume Property C does not hold. As such, using Definition 5.2,
there exist u,, u, € M(b, t), u, # u,, points {)ci};'_';1 CZ(u,-byNZ(u,-b)
and {y,})_, CZ(t—u)NZ(t—uy), 0<m+r<n,aswellasan he L(K)
satisfying (a) and (b) of Definition 5.2, and such thatno v € U, v # 0, satisfies
(1)=(3) therein.

We will prove the existence of f € &, &, >0, i=1,...,m, Bi >0,
i=1,...,r,and an h € L™(K, i) (not quite the previous /) such that
(a)-(c) and (1)—(3) of Theorem 5.3 are satisfied.

To this end, set
(~J={u: ueU,u=0ae.onZ(u —u,},
i.e., U= U(u,—u,). Uisa subspace of U of dimension s, where 1 <s<n.

Let
U= span{v,, ..., v} and W= span{v

> s s+l""’vn}
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where the {vi}:;l span U . Note that the v,_,, ..., v, are linearly independent
on Z(u, —u,). Wealter » on Z(u, —u,) by setting it equal to h thereon,
where # is defined by

(1) |h(x)| =1, all x € Z(u, ~u,),

2) fz hwdx—O all we W .
Such an A necessarlly exists. Note that this new £ still satisfies (a) and (b) of

Definition 5.2, and has no effect on (1)-(3) thereof.
Let B C R" be defined by

= hv. d,u-i—Za,'Uj Zﬂ,%)’)
-{( )

Since & 1is a convex cone, the set B is a convex cone. If 0 € 6B, then there
exists an a = (a,, ..., a,) # 0 that defines a support hyperplane to B at 0.
Set v=3" Then v # 0 and

/hvd,u+2av Z v(y,) >0

ﬂeg,ai,ﬂiZO}.

=1

1111

forall u€ < and o;, B, > 0. This implies that ~v >0 a.e.on K, v(x;,) >0,
i=1,.. mandv()<0 i=1,...,r. Now v = it + @ where i € U
and W € W. Furthermore, hv = Aw on Z(u, —u,). Thus hw >0 a.e. on
Z(u, — u,). This contradicts (2) in the definition of h unless w = 0. Thus
v=a€U. Thatis, v =0 a.e.on Z(u,—u,) and hv > 0 a.e. This contradicts
our assumption that Property C does not hold. Thus 0 ¢ 0B.

Since B is a convex cone, we have 0 € B. Thus there exists a ji € & and
&, B, >0 such that

/hud;H—Zau g

for all u € U. From Theorem 5.3 it follows that M (b, ¢) is not a unicity set
for C\(K, 1).

(<) Assume Property C holds. If M (b, ¢) is not a unicity set for C (K, u),
some u € Z , we have the existence of u,, u,, {x;}, {y;}, {o;}, {B;},and h
satisfying (a)-(c) and (1)-(3) of Theorem 5.3. Let v € U, v # 0, satisfy (1)-
(3) of Definition 5.2 with respect to these terms. This immediately contradicts
(2) of Theorem 5.3. Thus M(b, t) is a unicity set for C,(K, u) for every
LeEZ . O

While Property C is the correct characterization, it is also generally difficult
to verify for a specific & and ¢. However, we can totally characterize those U
for which M (b, t) satisfies Property C for all admissible b and ¢.
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Theorem 5.6. Assume dimU = n. Then M (b, t) satisfies Property C for all
b, t € C(K) for which intM(b,t) # @ if and only if there exists a basis
vy, ..., v, for U such that

(1) N(v,) is connected for each i,
(2) N(v)NN(v),) =2 forall i#j.

Proof. (=) Assume M (b, t) satisfies Property C for all b, t € C(K) for
which int M (b, t) # &. Then there must exist a unique best approximant to ¢
from Z(t) ={u:ue U, u<t}, forevery t € C(K). From Theorem 2.8 this
implies that there exists a basis v, ..., v, for U satisfying (2). Since there
must also exist a unique best approximant to every f € C(K) from all of U,
it follows from Theorem 2.6 that [K\Z(u)] < dimU(u) forall u € U. Let u
be any of the basis elements v,, ..., v, . Since dimU(u) = 1, we obtain (1).

(<) If U has a basis v,, ..., v, satisfying (2), then it is easily see that
M(b, t) is a unicity set for C,(K, u) if and only if

M®b,t)={u:ueV,ueM(b,t)}

is a unicity set for C,(K, u), where V; =span{v;}, i =1, ..., n. Conditions
(1), (2), and (3) of Definition 5.1 are easily verified in this case. For if u,,
u,e My(b,t), u, #u,,thensince Z(u, -b)NZ(u,~b)=2Z(u,-u,) =2Z(v,),
we have v = 0 on Z(u, — u,) for all v € V,, with the similar result for
Z(t—u,)NZ(t—u,). Thus, (3) holds. Furthermore, from (1), K\Z(u, —u,) =
N(v;) and this is a connected set. Thus, (1) and (2) of Definition 5.1 are
obtained by setting the v therein to be v, or —v,. O

The subspaces satisfying the conditions of Theorem 5.6 are uninteresting as
in the case of one-sided approximation. However, paralleling Theorems 2.8 and
2.9, we should also consider the case where differentiability is present. Using
the arguments of Theorem 5.6, we can prove:

Proposition 5.7. Let U c C l(K ) and Assumption 1 hold. If M(b,t) satisfies
Property C for all b,t € CI(K) with int M(b,t) # &, then U must satisfy
Property A and Property B.

See §2 for the definitions of Assumptions I and Properties A and B. It is
an open question as to whether Assumption I and Properties A and B imply
Property C.

6. BEST RESTRICTED RANGE APPROXIMATION: EXAMPLES

In this section, we give examples of M (b, t) satisfying Property C. We will
restrict ourselves to the case of an interval, i.e., K = [c, d], and assume that
UcCYK), b, te C'(K) and intM(b, 1) # 2.

We first give a sufficient condition and then delineate some subspaces satisfy-
ing this condition. For ease of notation, we introduce the following terminology.
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Definition 6.1. For any set of points W C [c, d], we let || denote the number
of points in W, and I(W) denote the number of points in ¥ where every
pointin W nN(c, d) is counted twice.

Definition 6.2. Let f e C 1[c, d]. Then Z*(f) counts the number of zeros of
f in [c, d], where a zero x € (c, d) is counted twice if f(x) = f'(x) =0. The
analogous definitions hold for the open and half-open intervals. Similarly Z (f
counts the number of zeros in the same way as Z"(f), but zeros at endpoints
may be counted twice if both the function and its derivative vanish there.

Thus for any f € C'[c, d], Z*(f) < Z(f). For a given U C C[c, d], and
any ¢ <e < f <d, we also define
V, ;={utueU,u=0on[c,e)u(f,d]}.
For notational ease, we also set
e, f1, ifc=e,f=d,
e, ), ifc=e, f<d,
(e, f1, ifc<e,f=d,
(e, ), ifc<e, f<d.

[le, /1=

We can now state:

Theorem 6.1. Let U C C 1[c, d), dimU = n. Assume U satisfies Property A,
and if ue V, ; has no zero interval in [e, f], then

(6.1) Z (ulye. ) SdimV, —1.

Then M(b, t) satisfies Property Cforall b, t € C'le, d] with intM(b,t) # 3.

Proof. We are given b, t € C'[c, d] with intM(b,t) # Q. Let u,, u, €
Mb,t), u # uy. Assume {x}7, C Z(u, —b)nZ(u,-b), {y}_, €
Z(t—u,)NZ(t—u,) where 0<m+r<n,and he L™(K) satisfies
(a) |h(x)|=1,all x€]c,d],
(b) hlu, —u,| € Clc, d].
We will construct a v € U, v # 0, satisfying (1)-(3) of Definition 5.2.
Suppose that [e, f] is a maximal interval on which u, — u, has no zero
interval. Thatis, u; —u, has no zero interval on [e, f], if ¢ < e then u, —u,
vanishes identically on (e — ¢, e) for some ¢ >0, and if f <d then u, —u,
vanishes identically on (f, f +¢) for some & > 0. Such an [e, f] exists as
a consequence of Property A. Furthermore from Theorem 2.7(3), there exists a
w €V, , suchthat w=u —u, on le, f].
Let us assume, for convenience, that c <e < f < d, i.e., [[e, f]] = (e, f).
Set
R= {{x,‘},’i] U {y,‘},r'=|} Ne, f).
Since b, 1€ C'[c, d], we have w(x)=w'(x) =0 forall x € R. let

S={x:x€(e, f),wx)=0,x ¢ R}.
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By assumption
I(R)+(S| <dimV, ,—1.

For ¢ > 0, ¢ small, set

T,={x—-¢,x+e¢&: x €R, h does not change sign at x}
U{x:x € RUS, h changes sign at x}.

Then
[=|T,| <I(R)+|S| <dimV, 1.
Since V, . is a weak Chebyshev (W T-)system (see Theorem 2.7 (3)) it follows
from Sommer and Strauss [20] and Stockenberg [21] that v, 7 contains an
(I + 1)-dimensional W T-system V. From a theorem of Jones and Karlovitz
[6], there exists a ¥, € 14 C IN/e It 19,ll, = 1, which changes sign weakly at
each of the points of 7. Let ¥ be a limit point of ¢, as ¢ | 0. By construction
U # 0, 6htt > 0 for some 6 € {—1, 1}, and @¥(x) = 0 for all x € R. Set
v =07. Then v satisfies (1)-(3) of Definition 5.2, i.e., Property C holds.
The other cases, i.e., ¢ = e and/or f =d, are similarly treated. O

Corollary 6.2. Let U C C'ic,d], dimU =n. If
(6.2) Z*u)<n-1

forall ue U, u#0, then M(b, t) satisfies Property C forall b, t € C'lc, d]
with intM(b,t) # .

A subspace U C C 1[c, d] of dimension # is said to be an extended Cheby-
shev system of order 2 (ET,-system) if Z(u) <n-1forall ueU, u#0.
Since Z*(f) < Z (f) forall feC 1[c, d], we immediately obtain that if U
is an ET,-system, then it satisfies (6.2). Polynomials are examples of ET,-
systems.

We now give two additional examples of subspaces satisfying the conditions
of Theorem 6.1.

Example 6.1. Polynomial splines with simple, fixed knots. Let n > 3 and &, =
c<g << <d=¢,,, . Set

n—1 ) k
S = {s: s(x) = Zaix' + Zbi(x —éi)i_l ,a,,b € R} .
i=0 i=1

S is the space of polynomial splines of degree n — 1 with the simple, fixed
knots {fl.}f;l . Since n >3, we have S C C'[c, d]. Pinkus [12] proved that .S
satisfies Property A. It is also well known that if s € V, ; has no zero interval
in [e, f],then e=¢, and f=¢,, and ‘

VA (s|“é“<J]]) < dim Vé - 1.

S
Thus, S satisfies the conditions of Theorem 6.1.
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Example 6.2. Piecing together ET,-systems. Let c =, <---< e, < e, = d.

On each interval I, =[e,_,,e], i=1,..., k+1,let U, C C'(Ii), dimU, =
n;, n; > 2. Assume that the constant function is in U,, and
! !
U ={u:uelU}

isa T-system on /,. (Thus, U, is an ET,-system on [,.) Let U C C'[c, d]
be the subspace defined by U|, = U,, i =1,...,k+ 1. We claim that U
satisfies the conditions of Theorem 6.1.

From [12], we have that U satisfies Property A. It remains to prove (6.1).
If ue VeJ lias no zero interval in [e, f], then e = ¢, and f = e for some
0<i< j<k+1. It therefore suffices to prove (6.1) only for such e and f.
Set V, , =V, i 0<i<j<k+1. From [12], we have

i’Yj ’

(i) dimV, ,, ,=n+ - +n_ —2k.
(i) For 1 <j<k, dimVO,jznl—(—--'nLnj—Zj.
(iii) For 1 <i<k, dimV,, ,=n_ + - +n —2k+1-10).
(iv) For 1<i<j<k, dimV, ;=n,  +--+n,-2(j-i+1).
If any of these values is negative, then we understand it to mean that dim v i=
0.

Similarly, if

Vi'J ={u:ueU,u =00n [c.e)U(e;, d]}
then I/l." ; is a W T-system and
(i) dimVy o =n+-+n,, —2k-1.
(ii) For 1 <j<k, dimVy ,=n +---+n,—2j.

(iti) For 1 <i<k, dimV/,  =n,  + +n  —2k+1-1i).

(iv) For 1<i<j<k,dimV/ =n  +-+n-2j—i+1)+1.
These facts are also contained in [12]. Note that the relationship between
dimV, ; and dim I/I." ; is not the same for all i and ;.

In what follows we will need a result of Stockenberg [22]. Namely, assume
U c Cla, b] is a W T-system of dimension #, and for every x € (a, b) there
exists a u € U satisfying u(x) # 0. Then if u* € U has no zero interval in
(a, b), we have that »* has at most n — 1 distinct zeros in (a, b).

With these results we can proceed to prove (6.1).

Case 1. i=0, j=k+ 1. u has no zero interval in [c, d]. Let Z*(u) = m
on [c,d]. If ' has no zero interval in [c, d], then «' € ¥ ., and ' has
at least m — 1 distinct zeros in (c, d). Using the above result of Stockenberg,
applied to u’, we get

m—lgdimV'

0,k+1 2.

—-1= dim%,kﬂ -

Thus m = Z*(u) < dim Vo,k+1 —1. If ¥ has zero intervals in [c, d], then the
inequality is even sharper. There is simply a bit more bookkeeping involved.
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Case2. i=0,1<j<k. uely ; and u has no zero interval in [eo,ej].
Let Z"‘(u|[é,0 ¢)) = m. Assume ¥’ has no zero interval in leg, €] Since
iy

u(ej) = u/(ej) =0, u' has at least m distinct zeros in leg, ej) . Thus
. ! .
delm%J— 1 =d1mV0’j—1,

and Z*(ulleo e )) < dimV, ;- L. Again if ' has zero intervals in legs €] the
€ )
result also holds.
The remaining two cases are similarly proven. O

7. BEST RESTRICTED RANGE AND DERIVATIVE APPROXIMATION

The techniques of the previous two sections may be generalized to apply
to problems of restricted range and derivatives approximation. For ease of
notation, we will restrict ourselves to the range of the approximant and its first
derivative only. Since the methods of proof are almost totally analogous, we
will simply review and state the main results.

As previously, we assume that U ¢ C'(K), dim U = n. Here we are given
four functions b,, #,, b,, t;, € C(K), where by(x) < t,(x) and b,(x) < t,(x)
for all x € K. Set

M(bo,tO;bl,tl)={u:u€U,b0§u§t0,blSuISII}.

We assume in what follows that int M (b, t,; b, t|) # &, i.e., there exists a
#t € U satisfying by(x) < @(x) < fy(x) and b,(x) < i(x) < t,(x) for all
x € K. Our first result is a generalization of Theorem 5.1.
Theorem 7.1. Let M(by, ty; b, , t|) be as just described, and dimU = n. Then
u" is a best LI(K, w)-approximant to f € C(K) from M(b,, t,; b, , t,) ifand
only if there exist distinct points

(a) {x,}, SZu" -by),

(b) {y,‘}:“zl g Z(to - u*) ’

(C) {Z,'}le C Z(u*l - b]) ’

(d) {wi}i‘:l c Z(tl - u”)
with 0 < m+r+s+t < n, positive numbers {ca}7 ., {B,}_,., {7,};_, and
{o0,}._,, andan h € L™ (K, u) satisfying

(1) |h(x)|=1,all xeK,

(2) [ehudp+Y0m, aulx) =0, Buy)+ i, v (2) - Ty o (w;) =

0,all ueU,
(3) [xh(f-u)du=|f-u",.

Paralleling Theorem 5.3, we obtain this next result, which characterizes the
M(b,, ty; by, t,) that are u