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Abstract

In this note we consider problems of uniqueness, smoothness and representation of linear combinations
of a finite number of ridge functions with fixed directions.
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1. Introduction

A ridge function, in its simplest format, is a multivariate function of the form

fa-x),

defined for all x = (xq,...,x,) € R", where a = (ay, ..., a,) € R"\ {0} is a fixed non-zero
vector, called a direction, a - x = Z'}: 1 a;jx; is the usual inner product, and f is a real-valued
function defined on R. Note that '

f@a-x)

is constant on the hyperplanes {x : a - x = c}. Ridge functions are relatively simple multivariate
functions. Ridge functions (formerly known as plane waves) were so-named in 1975 by Logan
and Shepp [11]. They appear in various areas and under numerous guises.

In this note we consider problems of uniqueness, smoothness and representation of linear
combinations of a finite number of ridge functions. That is, assume we are given a function F of
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the form
Fx) =) fi@ x), (1.1)
i=l1

where m is finite, and the a’ are pairwise linearly independent vectors in R”. We ask and
answer the following questions. If F is of a certain smoothness class, what can we say about
the smoothness of the f;? How many different ways can we write F' as a linear combination of
a finite number of ridge functions, i.e., to what extent is a representation of F in the form (1.1)
unique? And, finally, which other ridge functions f(a - x) can be written in the form (1.1) with
a;éaai,foranya eRandi=1,...,m?

In Section 4 we generalize the main results of this paper to finite linear combinations of
functions of the form

f(Ax)

where A is a fixed d x n matrix, 1 < d < n, and f is a real-valued function defined on RY. For
d = 1, this reduces to a ridge function.

2. Smoothness

Let CK(R™), k Z, denote the usual set of real-valued functions with all derivatives of order
up to and including k being continuous. Assume F' € C k(R") is of the form (1.1). What does
this imply, if anything, about the smoothness of the f;? In the case m = 1 there is nothing to
prove. That is, if

F(x)= fi@a' x)

is in C¥(R") for some a! # 0, then obviously f; € C k (R). This same result holds when m = 2.
As the a! and a? are linearly independent, there exists a vector ¢ € R” satisfying a! - ¢ = 0 and
a>-c=1.Thus

F(te) = fi(a' -te) + fr(a®-te) = f1(0) + f2(0).

As F(te) is in CK(R), as a function of 7, so is f>. The same result holds for f.
However this result is no longer valid when m > 3, without some assumptions on the f;. To
see this, let us recall that the Cauchy Functional Equation

gx+y) =g(x)+ ¢ 2.1
has, as proved by Hamel [8] in 1905, very badly behaved solutions; see e.g., Aczél [1] for a
discussion of the solutions of this equation. As such, setting f; = f>» = — f3 = g, we have very

badly behaved (and certainly not in C kK@®R)) fi, i =1,2,3, that satisfy
0= fi(x1) + fa(x2) + f3(x1 + x2)

for all (x1, x2) € R2. That s, the very smooth function on the left-side of this equation is a sum of
three unruly ridge functions. As shall shortly become evident, this Cauchy Functional Equation
is critical in the analysis of our problem for all m > 3.

It was proved by Buhmann and Pinkus [2] that if F € C k@™, and if f; € LIIOC(R) for each
i, then f; € C k (R) for each i, if k > m — 1. The method of proof therein used smoothing

and generalized functions. In this note we remove the restriction k > m — 1, have different
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assumptions on the f;, and provide an alternative, and we believe, much more natural and
elementary approach to this problem.

For ease of exposition, let us denote by 5 any class of real-valued functions f defined on R
such that if there is a function r € C(R) such that f —r satisfies the Cauchy Functional Equation
(2.1), then f — r is necessarily linear, i.e., (f — r)(x) = cx for some constant ¢, and all x € R.
B includes, for example, the set of all functions that are continuous at a point, or monotonic on
an interval, or bounded on one side on a set of positive measure, or Lebesgue measurable; again
see e.g., Aczél [1].

Theorem 2.1. Assume F € CK(R") is of the form (1.1), i.e.,
m .
Fx) =) fia -x),
i=1

where m is finite, and the a' are pairwise linearly independent vectors in R". Assume, in addition,
that each f; € B. Then, necessarily, f; € Ck(R) fori=1,...,m.

Proof. The proof will be by induction on m. As we have seen, this result is valid when m = 1.
Letc € R" satisfy (c-a™) =0and (c-a') = b; #0fori = 1,...,m — 1. Such a ¢ exists. Now

m
F(x—l—tc)—F(x):Zf,-(ai-x+taioc)—ﬁ(ai~x).
i=1
By construction we have f, (2" -x+ra™ -¢) — fu(@" -X) = fu(@a" -x) — f(@" -x) = 0, while
fi@ -x+ra -¢c)— fi@ -x)= fi(@ -x+1tb;) — fi(@ -x)fori =1,...,m — 1. Thus

m—1
H(x):= F(x+1c) — F(x) = Z hi(al - x)
i=1

where h;(y) = f;(y +tb;) — fi(y). Since H € Ck(R™), it follows by our induction assumption
that h; € C*¥(R). Note that this is valid for each and every 7 € R.

We have therefore reduced our problem to the following. Assume b # 0, and for each r € R
the function A, defined by

h(y) = f(y +1tb) — f(y),

is in CK(R). When does this imply that f € C*(R)? A detailed answer is contained in the paper
by de Bruijn [4]. What is proved therein is that if # € C¥(R), then f is necessarily of the form
f =r+swherer € Ck(R) and s satisfies the Cauchy Functional Equation (2.1). Thus each
fi is of the form f; = r; + s;, with r; and s; as above. By our assumption, each f; is in 53, and
from the definition of 5 it follows that f; — r; = s; is a linear function, i.e., s; (f) = c;t for some
constant ¢;. Thus f; = r; + s;, where both r;, s; € Ck(R), implying that f; € Ck(R). This is
valid fori =1,...,m — 1, and hence also fori =m. 0O

Remark 2.1. In Theorem 2.1 it actually suffices to only assume that m — 2 of the functions

{fi}i, arein B. To see this, assume f, ..., f,—2 are in B. From the above proof it follows that
fiseovs fneo € CK(R). Thus
m—2

Gkx)=F(kx) — Z fi@ -x)= fro1@" " X)+ fro@" 2 x)
i=1
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is a function in C¥(R"). We now apply the reasoning in the case m = 2 that appeared prior to
the statement of Theorem 2.1.

Remark 2.2. In de Bruijn [4,5], there are delineated various classes of real-valued functions D
with the property that if
hy =4 f=fC+0)—-f()eD

for all + € R, then f is necessarily of the form f = r 4 s, where r € D and s satisfies the
Cauchy Functional Equation. Some of these classes D are: C ¥(R), functions with k continuous
derivatives; C¥(R), functions that are k times differentiable (but their kth derivative need not be
continuous); C*°(R) functions; analytic functions; functions which are absolutely continuous
on any finite interval; functions having bounded variation over any finite interval; algebraic
polynomials; trigonometric polynomials; and Riemann integrable functions. Theorem 2.1 can
be suitably restated for any of these classes D.

3. Uniqueness and representation

In this section we discuss the question of the uniqueness of the representation (1.1). We ask

when, and for which functions {g; }f.‘zl and {h; }le , we can have

k 4
Fx) =Y g -x) =) h(c x)
i=1 j=1

for all x € R", where k and ¢ are finite, and the b!, ..., b¥, ¢!, ... ctarek+¢ pairwise linearly
independent vectors in R”? From linearity this is, of course, equivalent to the following. Assume

Y fi@x=0 G.1)
i=1

for all x € R", where m is finite, and the a’ are pairwise linearly independent vectors in R”. What
does this imply regarding the f;? We first prove that with minimal requirements the f; must be
polynomials of degree < m — 2. This generalizes a result of Buhmann and Pinkus [2]; see also
Falconer [7] and Petersen et al. [12]. We will later extend this result.

Let II* denote the set of polynomials of fotal degree at most r in n variables. That is,

" = { Z bkxk}
|k|=<r
where we use standard multi-index notation, i.e., by € R, k = (k,...,k,) € Z",|k| =

k1+~-~+kn,andxk:)c]1cl ~-~x§”.

Proposition 3.1. Assume (3.1) holds where m is finite, and the a' are pairwise linearly indepen-
dent vectors in R". Assume, in addition, that f; € B, fori = 1,...,m. Then f; € Hnl%z, i =
1,...,m.

For each ¢ € R" let

& a
DC = X;Cia—Xi
1=
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denote directional differentiation in the direction ¢. Assume f € C!(R). When considering ridge
functions, the following simple formula is fundamental

D.f(a-x)=(a-¢)f'(a-x).
Using this formula we easily prove Proposition 3.1.

Proof. For m = 1, the result is obviously true, where we define Hll = {0}.

From de Bruijn [4] and the method of proof of Theorem 2.1, it follows that each f; is a
polynomial (see Remark 2.2). In fact we only need the sufficient smoothness of each f; which is
a direct consequence of Theorem 2.1. We now apply an elementary argument using directional
derivatives as may be found, for example, in Diaconis and Shahshahani [6]; see also Buhmann
and Pinkus [2].

Fixt e {l,...,m}. Foreach j € {1,...,m}, j #t,letc/ e R" satisfy

¢/-a/=0 and ¢/ -a’ #£0.

This is possible since the a’ are pairwise linearly independent. Now, as each f; is sufficiently
smooth,

0= Hch Zfi(ai “X)
=l =l

j#t
m m . . 1 .
— Z l_[(cj 'al) Jci(m* )(al 'X)
i=1 j=1
J#t
m .
=[]« -aH " V@ x.
j=1
J#t
Note that [, (¢/ - a’) # 0. Thus
J#t

" V@ =0
for all x € R". Therefore
fz(m_l)()’) =0
for all y € R and f; is a polynomial of degree at most m — 2. [

By the same method of proof we in fact have the following.

Corollary 3.2. Assume F € II' has the form
m .
Fx) =) fi@-x,
i=l

where m is finite, and the a are pairwise linearly independent vectors in R". Assume, in addition,
that f; € B, fori = 1,...,m. Then f; € Hsl, i=1,...,m, where s = max{r,m — 2}.

One immediate consequence of Proposition 3.1 is the following which easily follows by taking
fi=ffori=1,...,m.
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Proposition 3.3. Assume f € B and f is not a polynomial. Then for any finite m, and pairwise
linearly independent vectors a', ..., a™ in R" \ {0}, the functions

(f@-x,..., f@"-x)
are linearly independent.

Proposition 3.3 is a generalization of a result by Dahmen and Micchelli [3], where they prove,
by different methods, that if the dimension of the span of the space {f(a - x) : a € R"} is finite,
and f is Lebesgue measurable, then f is a polynomial.

Remark 3.1. It is often the case that the result of Proposition 3.1 can be obtained with f; € II, kl,

where k is significantly less than m — 2. Recall that we took, foreach ¢ € {1, ..., m}, a collection
of m — 1 vectors ¢/ € R, jell,...,m}, j #t,suchthatcj .al =0,¢/ -a #0,for j #1¢,s0
that

m

H(cj -a)=0

j=1

J#

for all i # ¢. This then implied that f,(m_l) = 0, whence f; is a polynomial of degree at most

m — 2. If the a/ are in generic position, i.e., any n of them are linearly independent, then we can
take ¢ orthogonal to any n — 1 of the a/, j # 1, satisfying ¢ - a’ # 0. In this case we will only
need [(m — 2)/(n — 1)] + 1 vectors ¢ to obtain the same desired result, and thus each f; must be
a polynomial of degree at most [(m — 2)/(n — 1)]. However as the al are only pairwise linearly
independent, they can all lie in a subspace of dimension 2, and if this is the case (which is the
same as taking n = 2) then we do need m — 1 ¢/’s in the above proof. Moreover this is not just an
artifact of the method of proof. For each m there exist pairwise distinct aeR" i=1,...,m,
and polynomials f; of exact degree m — 2 such that ) i, fi@ - x) = 0. To see that this
holds, simply consider pairwise linearly independent a’ of the form a’ = (a‘i, aé, 0,...,0),i=
1, ..., m. The polynomials (ai . x)’"‘2, i =1,...,m, are homogeneous of degree m — 2. The
space of homogeneous polynomials of degree m — 2 in two variables has dimension m — 1. Thus
some non-trivial linear combination of these (a’ -X)’"’z, i =1,...,m, vanishes identically.

We will consider this uniqueness result in more detail. What more can we say regarding the
polynomials f; satisfying (3.1)?
To this end, let H" denote the set of homogeneous polynomials of degree r in n variables, i.e.,

H" = {Zbkxk}.

[k|=r

Then we have the following.

Proposition 3.4. Assume m is finite, f,'f,' eBi=1,...,m—1, thea are pairwise linearly
independent vectors in R", and a # aa' foranya € Randi € {1, ..., m — 1}. Then we have
m—1 )
f@x=> fi@ x 32)
i=1

ifand only if f is a polynomial of exact degree r and for every q € H)' satisfying g@)=0,i=
1,...,m — 1, we have g(a) = 0.
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Remark 3.2. Eq. (3.2) is, of course, a rewrite of (3.1) where f(a-x) = —f,(@" - x). Thus
we necessarily have r < m — 2. However this automatically follows from the statement of
Proposition 3.4 since, for r > m — 1, there always exists a g € Hr” satisfying q(ai )=20, i =
1 .. — 1, and g(a) # 0. Namely, choose ¢! € R", i =1, — 1, satisfying ¢/ -a’ =0
and ¢’ - a # 0, and set ¢(x) = p(x) [[I Y(¢ - x), where p € Hr” 1 Satisfies p(a) # 0.

Proof. Assume (3.2) holds. Then from Proposition 3.1 it follows that f, f; € II!

m—2’ =1
.,m—1.Let

.
f) = "djt!, d, #0,
j=0
and
ri .
f) = dit!, i=1,...m—1,
j=0

where r, r; < m — 2. We rewrite (3.2) as

m—1 r;

Zd @-x/ =YY dj@ - x’

i=1 j=0

A polynomial is identically zero if and only if each of its homogeneous components is zero. Thus

m—1
da-x) =) dir@ %, (3.3)
i=l1

where we set d;j = 0if r > r;.

We claim that (3.3) can hold if and only if for every polynomial g € H} satisfying ¢ @) =0,
for i such that d;, # 0, we have g(a) = 0. To prove this fact we use a variant of an argument in
Lin and Pinkus [10].

Fork € 77}, set

5K
k _
D - kl n.
Oxy" -+ 0xy
Givengq € H,
qx) =) bix¥,
k|=r
set
q(D) = Z bk D¥.
k|=r

When k € 7'}, |k| = r, a simple calculation shows that
D¥(a-x)" = rla¥.
Thus, for g € H]' we have

q(D)@-x)" =rlq(a).
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Given k!, k? € Z", [k'| = |k?| = r, we have
Dkl k2_8 Kk
X - k|’kz 1 ne

This implies that every non-trivial linear functional £ on the finite-dimensional linear space H'
may be represented by some g € H" via

t(p) =qD)p
for each p € H'. Now
(a-x)" espan{(a’ -x)" : d;, #0)

if and only if every linear functional on H' that annihilates the (ai -x)", where d;, # 0, i.e.,
every g € H' satisfying g(a’) = 0 for all i with d;, # 0, also annihilates (a - )", i.e., satisfies
g(a) = 0. Thus, if (3.2) holds, then for every ¢ € H" satisfying q(ai) =0,i=1,...,m,we
have g(a) = 0.

Assume the converse, i.e., f is a polynomial of degree r and for every ¢ € H)' satisfying
g@)=0,i=1,...,m—1,wehave g(a) = 0. Let

.
f@y=>"djt/, dy #0.
Jj=0
By the above argument we have that
m—1 )
d(a-x) = di@ -x,
i=1

for some set of {d;, };’1:_11. We claim that a similar formula holds for all other (lower) powers. This

follows by suitable differentiation. Alternatively, based on the above, assume that for some s < r
we have a § € H" satisfying §(a') =0,i = 1,...,m — 1, and §(a) # 0. Choose any p € H"_,
such that p(a) # 0. Then ¢ = pg € H” satisfies q(ai) =0,i=1,...,m—1,and g(a) # O,
contradicting our assumptions. Thus, for each j =0, 1, ..., r, we have

m—1
dia-x)! = dij@ %)/,
i=1

for some set of {d;;}, proving that (3.2) holds. [

Based on Proposition 3.4 we can now present a strengthened version of Proposition 3.1.

Corollary 3.5. Assume that m is finite, f; € B,i = 1,...,m, and the a' are pairwise linearly
independent vectors in R". Then we have

Zﬁ(ai -x) =0
i=1

if and only if for each i, fi is a polynomial of exact degree ri and if qi € H] satisfies
gi@)=0,je{l,...,my\{i}, then g;(a’) = 0.
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4. Smoothness and uniqueness in the multivariate form

One possible generalization of a ridge function is to a multivariate function of the form

f(Ax)

defined for x € R”, where A is a fixed d x n matrix, 1 <d < n, and f is a real-valued function
defined on RY. For d = 1, this reduces to a ridge function.
As previously, assume we are given a function F of the form

Fx) =) fi(A'x), 4.1
i=1

where m is finite, the A are d x n matrices, for some fixed d, 1 < d < n, and each fi: RY - R.
(In fact we could also consider A’ with different numbers of rows. The analysis would be much
the same.) We again ask what the smoothness of F implies regarding the smoothness of the f;.

The situation here is slightly more problematic, as redundancies can easily occur. Consider,
for example, whenn =3, m =2,d = 2, and

1 00 , Jo 10
A‘[010’ A"=lo 0 1]

F(x1,x2,x3) = fi(x1, x2) + fa(x2, x3).

Thus

Setting f1(x1, x2) = g(x2) and f>(x2, x3) = —g(x2) for any arbitrary univariate function g, we
have

0= fi(x1,x2) + fa(xa, x3),

and yet f1 and f, do not exhibit any of the smoothness or polynomial properties of the left-hand-
side of this equation.

This simple example generalizes as follows. For convenience we will, in what follows, always
assume that the A’ are of full rank d.

Pr_oposition 4.1. Assume there exist i, j € {1,...,m},i # j, such that the 2d rows of Al and
A/ are linearly dependent. Then there exist non-smooth functions f; and f; such that

fi(A'X) + fi(A/x) =0
for all x € R".

Proof. Since the 2d TOWS of A’ and A7 are linearly dependent and, in addition, Al AJ are of full
rank d, there exist ¢/, ¢/ € R? \ {0} such that

A =clA) £0.

Thus for all x € R”, and any arbitrary non-smooth univariate function g we have
g(c'A'x) = g(c/ Alx)

for all x € R". Set

fi(A'x) = g(c' A'x),
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and

fi(AVx) = —g(c/ Alx).
Thus, as above,

[i(A™) + fi(AT%) =0

and yet f; and f; do not exhibit any of the smoothness or polynomial properties of the right-
hand-side of this equation. [

Note that the condition that the 2d rows of A’ and A/ be linearly independent implies that
d < n/2. Thus for d > n/2 we can never make any smoothness claims on the f; based on the
smoothness of F. This is unfortunate, as functions of the form (4.1) where d = n — 1 are of
interest.

When considering ridge functions, i.e., when d = 1, we very naturally demanded that the al
be pairwise linearly independent. That is, we exactly claimed the linear independence of the 2d
rows of Al and A/, for all i #+ j,ford = 1.

What if we assume the linear independence of the 2d rows of A’ and A/ for all i # j? Do
the f; of (4.1) then inherit, under some weak assumptions, smoothness properties from F? The
answer is yes. Here we utilize a generalization of the one-dimensional results of de Bruijn [4,5];
see de Bruijn [4] and Kemperman [9]. Parallel to B of Section 2, let us define B, to be any class
of real-valued functions f defined on R¥ such that if there is a function r € C(R?) such that
f — r satisfies the multivariate Cauchy Functional Equation

gls+1t) =g(s) +g(t) (4.2

foralls, t € R, then f — r is necessarily linear, i.e., (f —r)(s) = ¢ -s for some constant vector
¢ € R?, and all s € RY. This holds, for example, if f is continuous at a point, or bounded on a
set of positive measure, etc. We now prove the multivariate analogue of Theorem 2.1.

Theorem 4.2. Assume F € CKR") is of the form (4.1), where the 2d rows of Al and A7 are
linearly independent, for all i # j. Assume, in addition, that each f; € By. Then, necessarily,
fi e CK®RY fori=1,...,m.

Remark 4.1. It is readily verified that the 2d rows of A’ and A/ are linearly independent if and
only if
ker A’ +ker A/ = R".

Proof. The proof is much the same as the proof of Theorem 2.1, with slight modifications. As
previously, our proof will be by induction. The result is obviously valid for m = 1.

For given Aland A™ letd!, ..., d¢ e R" satisfy
A" =0, j=1,....d, (4.3)
and
Aldl =e/, j=1,...,d, 4.4

where e/ denotes the jth unit vector in R?. Such d/ exist by our assumption that the 2d rows of
A' and A™ are linearly independent.
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For each choice of p1, ..., pg, consider

H(x) = F (x+ pjdf> — F(x)

pjdj>> — fi(A'x).

d
hi(y) = fi (Y-FZPindj) - fily), i=1,...,m,

j=1

j=1

= if,-(A’X—i—A‘(
i=1 j

j=

—

Set

fory € R%. From (4.3),
hm(y) =0,
and from (4.4),
@) = hHG+p) - f1K)

where p = (p1, ..., pd).
Thus,

m—1

Hx) =) hi(A'x),
i=1

and by the induction hypothesis we may infer that h; € CK(R?) foreachi = 1,...,m — 1. In
particular, we have that for each and every p € R4, the function

hi(y) = fily +p) — f1(y)

is in CK(RY). From Kemperman [9, Section 5], see also de Bruijn [4, p. 196], it follows that
fi = r1 + g1, where r; € CK(R?) and g satisfies the Cauchy Functional Equation (4.2). Since
f1 € By we have g1(s) = ¢ - s for some constant vector ¢ € R?, and therefore f1 € CK(RY).
Thus

F — fitA'n) =) fi(A'®)
i=2

is in CK(R™), and again by our induction assumption we have that f; € CKR?) for i =
2,....m. O

Using Theorem 4.2 and the ideas from Proposition 3.1, we obtain an analogue of this latter
result, namely:

Proposition 4.3. Assume
m .
0=> fi(A'x)
i=1

for all x € R", where m is finite, and the 2d rows of A" and A’ are linearly independent, for all
i # j. Assume, in addition, that each f; € By. Then f; € HY‘LZ, i=1,...,m.
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Proof. From Theorem 4.2 it follows that each of the f; is infinitely smooth. For m = 1 the result
is obviously true, where we define I7¢ | = {0}. Recall that ford € R"

D, nd 9
a = ;—.
o Ox

1

In addition, if A is a d x n matrix with row vectors a!, ..., a?, then

d
af
Daf(Ax) =y (@ - d)—(Ax)
= Ak
where by % we mean the derivative of f with respect to its kth argument.
The proof is notationally challenging, so let us first detail the case m = 2. Letd/ € R", j =
1,...,d, satisfy
Aldl =0, j=1,....d,
and

A’dl=e/, j=1,....d,

where e/ denotes the jth unit vector in R¢. Such d/ exist since the 2d rows of A' and A? are
linearly independent. Thus

0= Dgi[f1(A'%) 4+ f(A%x)] = 8—fZ(A2x), j=1,....d.

ay;j

As A? is of full rank this implies that

B
Y
ay;
and f € Hgl (a constant function). The same result holds for f7, proving the case m = 2.
For general m, let ji, ..., jn,—1 be arbitrary values in {1, ..., d}. We will prove that for all
such ji, ..., jm—1 We have
am—l X
—fl =0, i=1,...,m.
8y/1 U 8yjm—l
This implies that f; € H,;f_z, i =1,...,m. We prove this result for i = m.
Foreachk =1,...,m —1,and ji,..., jm_1 € {1,...,d}, letd/** ¢ R" satisfy
Akdick =0,
and

A @ik — @k

Such vectors exist since the 2d rows of AF and A™ are linearly independent. From above we
have that

Dy gx(A'%) =0
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for every choice of sufficiently smooth g¢. Since the differential operators Dgj;,.« commute, it
therefore follows that

m—1

[1PasfitA =0, i=1,....m—1.

k=1
Furthermore
0
Dyt f (A" = 22 (413
i

Thus

m—1 m )
0 =[] Dais Y_ fitA'x)
k=1

i=1

m—1
= 1_[ dek-kfm(AmX)
k=1
am—l
= —f’"(Amx).
ay./l e 8y.]’m—l

As A™ is of full rank, and the above holds for all ji, ..., ju,—1 € {1, ..., d} this implies that
fmelll , O

Recall that Proposition 4.3 is, in fact, a result concerning the uniqueness, up to polynomials
of some order, of the representation of these multivariate ridge functions.

Remark 4.2. For the sake of convenience we stated the results of this paper over R". In fact they
hold, mutatis mutandis, over any open set in R”.
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